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ABSTRACT 

We consider several solutions of supergravity with reduced supersymmetry which are 
related to wrapped branes, and elaborate on their geometrical and physical interpretation. 
The Killing spinors are computed for each configuration. In particular, all the known metrics 
on the conifold and all G2 holonomy metrics with cohomogeneity one and S 3 x S 3 principal 
orbits are constructed from D=8 gauged supergravity in a unified formalism. The addition 
of 4-form fluxes piercing the unwrapped directions is also considered. We also study the 
problem of finding kappa-symmetric D5-probes in the so-called Maldacena-Nunez model. 
Some of these solutions are related to the addition of flavor to the dual gauge theory. We 
match our results with some known features of M = 1 SQCD with a small number of 
flavors and compute its meson mass spectrum. Moreover, the gravity solution dual to three 
dimensional Af = 1 gauge theory, solutions related to branes wrapping hyperbolic spaces, 
Spin(7) holonomy metrics and £0(4) twistings in D=7 gauged sugra are studied in the last 
chapter. 
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What Immortal hand or eye 
Dare frame thy fearful symmetry? 



William Blake, "The Tyger". 
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Motivation 



There are four kinds of interactions known to exist in nature: gravitational, electromagnetic, 
weak and strong. The first one, much weaker than the rest, is described by Einstein's General 
Theory of Relativity. The other three are accurately explained by the successful Standard 
Model, based on quantum gauge theories. Unfortunately, it is known that both theories are 
incompatible at very small distances or very high energy scales, of the order of the Planck 
mass, about 10 19 GeV. This means that some new physics must happen when approaching 
the Planck scale. 

Superstring theory, despite being originally formulated as an attempt to explain strong 
interactions, is, nowadays, the most promising candidate for solving this puzzle. Its basic 
idea is to suppose that particles, instead of being points, have some natural extension and 
are, in fact, vibrational modes of some fundamental strings. 

By studying the spectrum of excitations of a closed string, one finds a massless spin-two 
field, which can be identified with the graviton. On the other hand, the infinite tower of 
massive string modes can cure the non-renormalizability of General Relativity, thus yielding 
a consistent theory of quantum gravity. Since the eighties, lots of theoretical physicists 
have hoped that string theory can lead to a "Theory of Everything" , that should describe 
consistently all the measured phenomena. Standard texts on string theory are [1]. 

The fact that five consistent string theories can be formulated was a puzzle: how should 
nature choose one among several possibilities? This question was nicely solved when the 
existence of a web of dualities relating all of them was discovered. The so-called M-theory 
lives in eleven dimensions and the different string theories are different perturbative regimes. 
Besides, eleven dimensional supergravity also appears as a low energy limit. 

The objects called branes play an important role in this picture. D-branes are non- 
perturbative solitonic objects that can be identified with hyperplanes where open strings 
can end (an introduction on branes can be found in [2]). The dynamics of the D-branes can 
be described by the physics of the open strings, thus giving rise to a gauge theory living on 
the worldvolume of the brane (see [3] for a review of the interplay between brane dynamics 
and gauge theory). However, there is another way of thinking about D-branes, as sources 
of closed strings. From this point of view, branes are objects that modify the gravitational 
background, i.e. the geometry of space-time. Therefore, this open/closed string duality leads 
to a gauge/gravity duality. This notion has opened new and amazing possibilities. Besides 
addressing the problem of unification, string theory can give an insight in the search of duals 
of different gauge theories. 

This fact is related to a much older proposal by t'Hooft [4]. He pointed out that the 
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Feynman diagrams of a U(N) gauge theory can be rearranged as a sum over the genus of 
the surfaces in which the diagrams can be drawn. This is pretty similar to the computation 
of string amplitudes, where there is a sum over the genus of the possible worldsheets. Then, 
there is a gauge/string duality, at least in some regime of parameters. The problem is that no 
hints are given of which should be the string theory that corresponds to each gauge theory. 

In 1997, Maldacena formulated an astonishing conjecture along these lines [5]. The 
statement is that type IIB string theory living on AdS$ x S 5 is exactly dual to four dimensional 
M = 4 super Yang-Mills theory with SU(N) gauge group (which is called AdS/CFT duality 
since the gauge theory is conformal). Although a strict proof has not been given, the duality 
has overcome a large number of tests (the standard review on these topics is [6]). The duality 
between two such different theories was reached by looking at the dual open/closed string 
descriptions of the near horizon limit of a stack of N D3-branes. The low energy limit of 
string theory yields a supergravity theory, and we find that type IIB sugra on AdS§ x S 5 is 
dual to Af = 4 SYM in its non-perturbative regime. 

A remarkable fact is that the relation between the two theories that are supposed to be 
equivalent is holographic [7]. This means that the number of dimensions in which they live 
is different and, that, somehow, the physics on the boundary of a space encodes all the bulk 
information. 

Following these ideas, a lot of work has been devoted to the research on other possible 
dualities involving more realistic gauge theories. In particular, one would like to have less 
supersymmetry and break conformal invariance. The final goal is to find a gravity dual of 
QCD, at least for the limit with large number of colors. 

The motivation of this work is this amazing interplay between strings, gravity, geometry 
and gauge theory. When branes are wrapped, the amount of supersymmetry of the solution 
gets reduced and, in fact, conformal symmetry gets broken. However, in order to have some 
supersymmetry, the branes must be wrapped along certain supersymmetric cycles which are 
embedded in non-trivial spaces. With these ingredients, one can engineer several setups, such 
that different gauge theories live on the worldvolume of the wrapped branes. Supergravity 
techniques will be used in order to get geometrical results about these spaces with reduced 
supersymmetry, and also to obtain features of the dual gauge theories. 

About this thesis 

This Ph.D. thesis is mainly based on papers [8, 9, 10, 11], although a few unpublished results 
are also discussed. Throughout the work, technical details are described thoroughly at many 
points (mainly the way of obtaining and solving BPS systems of equations). However, 
sometimes it is possible to skip them while keeping a comprehensive reading of the text. 
The plan for the rest of the thesis is the following: 

In chapter 1, there is a brief introduction to the ideas of supersymmetry and supergravity. 
Then, some general strategies for computing supersymmetric solutions of supergravity are 
presented. Finally, the degrees of freedom, lagrangians and susy transformations of several 
supergravity theories are reviewed. This chapter provides the basic prerequisites needed and 
sets up the notation for the computations of the following. 

In chapter 2, we use eight-dimensional supergravity to study the geometry of the so- 



7 



called conifold. The metric and Killing spinors are found. In the process, we will find 
an important technical point: the need of having a rotated projection on the spinor. In 
chapter 3, 8d sugra is used again, this time for computing metrics of seven- dimensional G2 
holonomy manifolds. Assuming again a rotated Killing spinor, all the complete metrics of 
cohomogeneity one and G 2 holonomy with S 3 x S 3 principal orbits are constructed. It will be 
shown how asymptotically locally conical metrics are obtained from this approach. Then, in 
chapter 4, we find a general procedure to incorporate RR fluxes in the unwrapped directions 
of configurations of the type of those mentioned above. From an M-theory point of view, 
this amounts to adding M2-branes to the solution. 

Then, in chapter 5, we turn to the so-called Maldacena- Nunez model. In this scenario, 
the gravity solution corresponding to D5-branes wrapping a supersymmetric two-cycle inside 
a Calabi-Yau is dual to N = 1 super Yang-Mills theory in four dimensions. A brief review 
of the model is presented and the supergravity solution is computed from an analysis of 
supersymmetry. The Killing spinors are obtained in the process. In chapter 6, we address 
a concrete problem within this model. We look for surfaces where supersymmetric brane 
probes can be placed. We argue that some of these brane probes introduce fundamental 
quarks in the dual gauge theory, which are represented by fundamental strings stretching 
from the brane probe to the gauge theory brane. Some known features of the M = 1 gauge 
theory are recovered from the gravity viewpoint and a prediction is made about the meson 
mass spectrum. 

Finally, in chapter 7, the supersymmetry of a few more supergravity solutions is studied. 
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Chapter 1 

Some notes on supergravity 



The main goal of this thesis is to find (bosonic) supersymmetric configurations which are 
solutions of some supergravity equations of motion, and to deepen in their physical and 
geometrical interpretation. This chapter is aimed to be the basis of the analysis carried out 
in the rest of this work. 

First of all, a brief (and surely incomplete) introduction to what is supergravity will be 
given. Then, the general strategy that will be used to find the different solutions will be 
established. After that, several supergravities that will appear throughout the rest of the 
thesis, and the relation between them, will be presented. This is useful to fix notation for 
the following chapters. Notice that some of the actions and supersymmetry transformations 
written here are not the most general ones, but only truncations where some fields have been 
set to zero. An important concept for finding supersymmetric solutions in gauged super- 
gravities is the twisting (which amounts to exciting the gauge field). It will be introduced 
in section 1.5. 



1.1 What is Supersymmetry? 

Supersymmetry (susy) can be defined as a Fermi-Bose symmetry, i.e. as a transformation 
mixing bosonic and fermionic degrees of freedom which leaves the physics (the equations of 
motion) invariant. 

It was first discovered by studying the interplay between the space-time Poincare symme- 
try (Lorentz group plus translations) and internal symmetry groups. A theorem by Coleman 
and Mandula stated that if both Poincare and internal symmetry are present (subject to a 
few hypothesis), they do not have non-trivial mixing, i.e., the full symmetry group should 
be a direct product of both. 

One of the hypothesis was that the internal symmetry was described by a Lie group 
based on commutators, but it was realized in the seventies that the no-go theorem could be 
avoided by taking a Lie algebra based on anticommutators. 

The supersymmetry algebra can be written in a completely schematic fashion (for a 
rigorous discussion, see, for example, [12]): 
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[P,P]=0; [P,M]=P; 
[M,M]=M; [P,Q I ]=0; 



[M,Q I ] = Q I ; {Q I ,Q J } = P5 

{Q I ,Q J } = Z IJ ; {Q I ,Q J } = Z IJ 




(1.1.1) 



where the P stands for translations, M for Lorentz generators (spatial rotations and boosts), 
Q 1 , Q 1 for the supersymmetry generators, and Z IJ are the central charges. All space-time 
and spinor indices have been omitted. The indices I, J — 1, ...,jV label different sets of 
supersymmetry generators. 

For consistency, the supersymmetry generators must transform as 1/2 spinors under 
Lorentz transformations (this fact could have been intuitively anticipated because their al- 
gebra is based on anticommutators). This has the immediate consequence that under a susy 
transformation, bosons turn into fermions and vice versa. So an irreducible representation of 
the susy algebra will correspond to several particles, forming what is called a supermultiplet. 
It can be proved that a supermultiplet always contains the same number of bosonic and 
fermionic degrees of freedom. Furthermore, as susy transformations commute with momem- 
tum generators, we have, in particular [P 2 ,Q] = 0, and therefore all particles in the same 
supermultiplet have the same mass. 

At this point, one may think that, although possibly interesting from a theoretical point 
of view, supersymmetry could be far from reality because, if there were supersymmetric 
particles with the same mass as the usual ones, they would have been certainly observed by 
now. The only way out to this problem is to say that, if supersymmetry exists, it must be 
broken at a scale of energy at least as high as the energies probed in accelerators. Anyway, 
experimentally there is not even a hint on the existence of susy particles, so the next question 
to answer is: why physicists have been (and still are) so interested in supersymmetry during 
the last decades? 

First of all, supersymmetric theories are the most natural extension of the usual quantum 
field theories and they have the advantage with respect to them of a better UV behavior 
because the bosonic and fermionic loops cancel one against each other. 

Maybe the fact that gives strongest support to the idea of susy really existing in nature 
is Grand Unification. If the standard model gauge group comes from the breaking of a 
larger gauge group at some high mass scale, the three couplings (electromagnetic, weak and 
strong) should get unified at that scale. Following the renormalization group flows using 
the standard model spectrum of particles, the couplings fail to converge at a point. But 
using a supersymmetric extension of the model, this problem can be overcome. Another 
argument in favor of susy is based on the hierarchy problem. The big difference between 
the Planck scale and the electroweak scale suggests that susy should be restored at a scale 
comparable to the Higgs mass. A third physical puzzle which may be solved by the existence 
of supersymmetric particles is the dark matter. The WIMPS (weakly interacting massive 
particles) that are thought to form it, could be some of the yet unobserved superpartners. 
All these three arguments tend to signal to the same value for the mass of the lightest susy 
particles: about a few TeV. If this is true, the Large Hadron Collider which will be soon 
operative at CERN should confirm the existence of superpartners. 
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Yet another reason to believe in supersymmetry is that it appears in a very natural 
way in string theory, and it is required to keep the theory free of tachyons (and therefore 
inconsistencies). 

Even if susy turned out not to be real, it would continue to be quite interesting for some 
reasons. Susy theories are in general simpler than non-susy ones because of the constraints 
imposed by the symmetry. Then, they can be used as toy models that could hopefully capture 
features of more realistic theories and help to understand difficult problems like confinement. 
Susy can also give an insight into mathematical problems (specially, in geometry) as it 
will become clear in the following chapters, and has led to great developments like mirror 
symmetry. And finally, even if superstring theories are not the correct description of quantum 
gravity, they would still have a major physical interest because of the gauge/string duality, 
that can be explored along the lines of Maldacena's conjecture. 

Spinors in arbitrary dimensions 

As in the following we will deal with supersymmetric theories in different number of di- 
mensions, it is convenient to take a brief look at spinor representations in any number of 
dimensions. For a nice review on this topic, see [13]. 

A spinor representation of the Lorentz group is associated to a Clifford algebra: 

{r M ,r,} = 2^ , (i.i.2) 

where /j,,is — 1,...,D are space-time indices (and so D is the dimension of space-time). It 
can be proved that, in order to have a representation of this algebra, the Dirac gamma 
matrices can be written as 

2 [D/2] x 2 [D/2] complex 

square matrices ([D/2] being the integer 
part of D/2). Then, a spinor has 2' D / 2 1 complex components, whose degrees of freedom are 
halved because they must satisfy the Dirac equation. In conclusion, a Dirac spinor in D 
dimensions has 2^ D / 2 ^ real degrees of freedom (but notice that this halving does not apply 
for the spinors used for the susy transformations, as they are arbitrary and do not need to 
satisfy any equation of motion). Furthermore, it is important to know whether it is possible 
to impose some condition that consistently reduces the number of degrees of freedom of the 
spinor, as it turns out that supergravity multiplets are constructed in each dimension with 
these reduced spinors. 

There are two types of such conditions. Each of them halves the number of degrees of 
freedom: 

- Imposing reality of the spinors gives rise to the so-called (pseudo) Majorana spinors 1 . 
This can be done when D—0, 1,2,3,4 mod 8 (assuming that there is just one time-like 
dimension). 

- Imposing that the spinors have a definite chirality gives rise to the so-called Weyl 
spinors. This is possible when the dimension of space-time is even. 

1 For simplicity, no distinction will be made between Majorana and pseudo-Majorana spinors in this 
introduction. 
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- Both conditions can be imposed simultaneously when D=2 mod 8, getting (pseudo) 
Majorana-Weyl spinors. 

This is useful to know how many supercharges there exist in a susy theory. For example, 
inanA/"=l,-D = ll theory, the supersymmetry is generated by one Majorana spinor that 
has 32 degrees of freedom and therefore there are 32 associated real supercharges, while in 
an J\f — 1, D — 4 theory, there are only 4 supercharges. 



1.2 What is Supergravity? 

Supergravity (sugra) is the gauge theory of supersymmetry. 

The basic idea is to formulate a supersymmetric theory including Einstein's general rela- 
tivity. General relativity is a theory whose basic field is a spin 2 particle, the graviton. The 
supermultiplet of the graviton must, at least, contain a spin 3/2 particle (a Rarita-Schwinger 
field), the so-called gravitino 2 . In general relativity, there is a gauge symmetry that consists 
in reparametrizations of space-time, which are generated by the momentum operator. As 
supersymmetry transformations are related to the momentum operator in eq. (1.1.1), we 
conclude that they must also be local. 

This fact is quite restrictive for the construction of supergravity theories. In particular, 
the maximum number of dimensions where a consistent supergravity can be formulated is 
D — 11 with J\f — 1. In dimensions lower than 11, a bunch of supergravities have been 
constructed in the last decades. Most of them are obtainable by Kaluza-Klein reducing 
the D — 11 sugra in some compact space. A set of new fields will always appear upon 
dimensional reduction, as space-time indices along the directions where compactification 
has been performed turn into internal indices. If one knows the compactification ansatz 
that relates two supergravities of different dimension, a solution of one of them can be 
easily reduced (or uplifted) to the other one (provided the solution somehow respects the 
symmetries of the compact space). This procedure is quite useful in the search of solutions, 
as will become clear in the following chapters. 

Historically, supergravity was born as a good candidate to solve the problem of unifying 
gravity with the rest of interactions. The boson-fermion loop cancellation was expected 
to cure the non-renormalizability of gravity, while the gauge fields and interactions could 
come from the Kaluza-Klein reduction. Today, it is apparent that this is not the whole 
story. String/M-theory is now the main candidate for unification. However, supergravities 
appear as low energy limits of string theories (when the massive string oscillations have been 
frozen). In particular, D = 11 supergravity is the low energy limit of M-theory (it cannot 
be a coincidence when the maximal supergravity lives in the same number of dimensions as 
the postulated "Theory of Everything"!). 



2 Particles with spins bigger than 2 are generally problematic when coupling to other particles. In partic- 
ular, this is why spin 5/2 particles are not considered as superpartners of the graviton. 
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1.3 Looking for Supersymmetric Solutions: General 
Strategies 

The aim of this section is to describe the methods that will be later used in the search 
of sugra solutions. The problem in finding solutions is that the supergravity equations of 
motion are, in general, complicated systems of second order equations. The idea is to find 
somehow, systems of first order equations (much simpler to deal with), which automatically 
solve the second order problem. Supersymmetric solutions will always satisfy such a first 
order system (of course, there exist non-susy solutions that cannot be found following these 
strategies). 

Another notion we should keep in mind is the possibility of uplifting a solution obtained 
in a low dimensional sugra to ten or eleven dimensions where its physical interpretation is 
clearer. We will use gauged supergravity theories that can be formulated by compactifying 
another supergravity in higher dimension. In section 1.4, some expressions that facilitate the 
task of finding the high dimensional solutions from the low dimensional ones can be found. 

1.3.1 Vanishing of fermion field variations 

We will look for classical configurations, so the expectation value of the fermionic fields 
should be zero. As explained in section 1.1, supercharges are spin 1/2 fields and they turn 
fermions into bosons and vice versa. Schematically: 

5F = f(B), 

5B = g(F), (1.3.1) 

where f(B) and g(B) are some functions of the bosonic and fermionic fields respectively and 
S means susy transformation. As the fermions are zero (=>- g{F) = 0), the invariance of the 
bosonic fields describing the solutions is guaranteed. In order to preserve susy, the fermionic 
fields should also not vary, hence: 

f(B) = , (1.3.2) 

which gives the desired system of equations, first order in derivatives. 
There are some points worth to comment about this: 

The only way of having a manageable system of equations is to start with an ansatz for 
the bosonic fields. Then, (1.3.2) leads to a system from which the functions in the ansatz 
can be computed. Needless to say that, to find interesting solutions, it is a requisite to begin 
with the correct ansatz. 

That a configuration is supersymmetric does not necessarily imply that it is a solution 
of the supergravity equations of motion. However, as susy configurations are related to BPS 
states, which saturate some energy bound, they usually are, actually, solutions of the sugra 
equations of motion. Anyway, the correct way of proceeding is to first find the configurations 
by imposing supersymmetry and then to directly check the second order equations of motion. 

Usually, for eqs. (1.3.2) to be solvable, one must impose some projections on the spinor 
that parameterizes the transformation. When this happens, not all the supercharges present 
in the supergravity theory are preserved by the solution. These projections are of the type 
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Pe = e (P being some function of the gamma matrices, which will be explicitly showed for 
each solution. Notice that all the projectors should commute among themselves). An impor- 
tant point is that each independent projection halves the number of preserved supercharges. 



1.3.2 Superpotential method 

By plugging an ansatz for the fields in terms of some functions a 1 depending on a single 
coordinate r] (which in all the cases studied in this work will be a radial coordinate), one 
gets a one-dimensional action. If the action satisfies certain conditions, there is a direct way 
of getting a first-order system which solves the equations of motion. 
Let us consider a lagrangian of the type (S — J Ldrj): 

1 da 1 da j 

L= 2 9 ^l^- V > (L3 - 3) 

where is a symmetric matrix (that might depend on the functions a 1 ) and V = V{a % ). 
The second order Euler-Lagrange equations are: 



d_ 

drj 



da? 
9 ^ 



' d \ da^da^ _dV_ 



Let us assume that the potential can be written as: 

1 • • dW dW 

for some function W(a l ), which we will call superpotential, and where g l i has been defined 
as the inverse of gif g^ k = 5^. Then, it can be straightforwardly proved that the first 
order system: 

do/ 1 dW 

automatically solves (1.3.4). Moreover, on this solution of the equations of motion, the 
hamiltonian identically vanishes: 

H = — L — . (1.3.7) 

dn d^- 

1 drj 

Conversely, it can be proved that any classical system whose hamiltonian does not explicitly 
depend on time, and whose energy is zero, can be solved this way. In order to prove this 
assertion, let us use Hamilton- Jacobi's formalism. The Hamilton- Jacobi equation reads: 

g + *(a,,£L)-0, (1.3.8) 

where the non-explicit dependence of H on t has been taken into account. The Hamilton's 
principal function S is the generating function of a canonical transformation to a system 
where coordinates and momenta are constant. The solution to (1.3.8) is S — —Et + W(cti), 
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where the constant E is the energy and W is Hamilton's characteristic function. The equa- 
tions of motion written in terms of W are pi = the equivalent of (1.3.6). Moreover, by 
using (1.3.8), the energy can be written: 

OS TT 1 da* da? Jr 1 ,, Jr 1 H dW dW Jr „ n nS 

E = " * = H = 2* * *r + v = 2 9 PiPi + v = 5*" + v ■ (L3 ' 9) 

Now, if .E = 0, eq. (1.3.5) is obtained from eq. (1.3.9). This reasoning shows that the func- 
tion W which has been called superpotential is nothing else than Hamilton's characteristic 
function. 

A super symmetric configuration can always be obtained as the solution of a first order 
system, so this construction is somehow related to supersymmetry in some cases, although 
by no means it is a proof of it. 

It will be useful to apply this method to lagrangians of the type: 



L = e 



c 2 (d v Af - l -G ab { V )d vV a d vV b - V(<p) 



(1.3.10) 



where the fields a % (r]) have been split a 1 = (A, (p a ), and c\ and c 2 are numbers. This is of 
the form (1.3.3) with the identifications: 

g AA = 2c 2 e ClA , g ab = -e clA G ab , V = e ClA V(y?) . (1.3.11) 

Suppose it is possible to find a function W(<p) such that: 

V M = ^d*^-^ - pW> , (1.3.12) 

yYJ 2 d(p a d(p b 4c 2 y J 

where C3 is any constant (notice that it is only an irrelevant rescaling in W). Then, equation 
(1.3.12) is equivalent to (1.3.5) with superpotential: 

W = c 3 e clA W . (1.3.13) 

And so, equations (1.3.6) read: 

dA a c 3 ~ 

dr) 2 c 2 

which is the sought system of first-order equations. 

Let us summarize all the above reasoning: Having a lagrangian of the form (1.3.10), if 
one manages to find a function W((p) such that (1.3.12), then the system (1.3.14) solves the 
equations of motion and, on this solution, condition (1.3.7) holds. 

To finish the section, let us make a brief comparison between the two methods presented. 
The superpotential method is much less straightforward, in the sense that, even if a superpo- 
tential (1.3.12) exists, there is no direct way of finding it, and the task may be quite difficult 
if W(tp) is a complicated function. The only problem with the susy variation method is 
that one has to deal with the Dirac matrices algebra and it may not be simple to find the 
correct projections that must be imposed on the spinor. But this method has the additional 
advantage that one finds the amount of supersymmetry preserved and the Killing spinors. 
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1.4 Supergravity actions and supersymmetry transfor- 
mations 

The aim of this section is to compile the expressions of the different supergravity theories 
that will be used throughout the thesis. As we will look for bosonic super symmetric con- 
figurations, the only sector of the action we will need is the bosonic one (the configurations 
must be solution of the Euler-Lagrange equations derived from it). As also explained in the 
previous section, the supersymmetry transformation of the fermionic fields must be set to 
zero, so their explicit expression is needed. The relation between super gravities in different 
number of dimensions is given. 

Notice that not all the bosonic fields are excited in the solutions that will be explored, 
so for the sake of simplicity the fields that will not be used are neglected in the expressions 
of this section. Anyway, references to the original papers where the full equations can be 
found will be provided in each subsection. 

A note on notation 

Both the formalism of differential forms and the formalism where indices are written explicitly 
will be used. A differential p-form is defined as: 

w(p) = ^co^.^dx" 1 A ... A da?* . (1.4.1) 

Here, /ii . . . /i p are curved indices, referred to the coordinate basis. We will often use the 
tangent space basis, and therefore flat indices: 

ds 2 = g^dafda? = i] ah e a e h , (1.4.2) 

where r\ ab = diag(— 1, +1, . . . , +1). The e a one-forms are the components of the so-called 
vielbein. They can be expressed in components: e a = e a ^{x)dx tx , so the e a {x) transform 
between flat and curved indices. The spin connection of a metric can be found by solving 
the so-called Cartan's structure equations: 

= de a + uj\ A e b . (1.4.3) 

The spin connection is a one- form which in components reads: oo a b = oo a b ^dx^. We need to 
define the covariant derivative, whose action on a spinor is given by: 

D^ = {d,+ l -^Y ab )t. (1.4.4) 

As we will deal with gauged supergravities, we will need at some point to introduce gauge 
covariant derivatives, i.e. that take into account the gauge connection besides the spin 
connection. They will be denoted by the symbol V and its precise definition will be given 
in each case. 

In (1.4.4), the T ab are Dirac matrices with indices referring to the vielbein basis. They 
satisfy the algebra: 

{r a ,r 6 } = 2 Vab . (1.4.5) 

The symbol with several indices in a single gamma will denote an antisymmetrized 

product of Dirac matrices. 
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1.4.1 D=ll, TV = 1 supergravity 

Eleven is the maximal dimension where a supergravity can exist [14] . The action and super- 
symmetry transformation laws were first constructed in [15]. The number of supercharges is 
32, corresponding to one Majorana spinor. 

The bosonic content of the theory includes only the metric and a 3-form potential (with 
a 4-form field strength F( 4 ) = dC^). The action for these fields is: 



C = 



-9 



48 ^ 



_|_ _jj_ e ai...O!4/3i— Piiivppi 



144 2 



1.4.6) 



The only fermionic degrees of freedom are those corresponding to a Rarita-Schwinger 
field iftn, the gravitino. Its supersymmetry variation is given by: 



Hp = D^e + 



J_ i?(4) 

288 Ml -" At4 



8<^r M4 e , 



(1.4.7) 



1.4.2 D=10 type IIA supergravity 

Eleven dimensional supergravity can be dimensionally reduced yielding maximal (i.e. with 
32 supercharges) non-chiral supergravity in ten dimensions [16]. The resulting theory is 
called type IIA supergravity and it is a low energy limit of type IIA string theory. The 
Kaluza-Klein reduction ansatz for the metric is: 



2 a. . n 4 



ds 2 u = e~**dsl + e^{dz + C (1) ) 2 . (1.4.8) 

Furthermore, one has to reduce the eleven dimensional three-form, which generates in ten 
dimensions a three-form and a two-form, depending on whether or not the reduction direction 
is comprised among the indices of the original form. Therefore, the bosonic content of this 
theory consists of a metric g^ u , a dilaton and a Ramond-Ramond one- form Cm, coming 
from the reduction of the metric, besides a Neveu-Schwarz two-form Bi 2 ) and an RR three- 
form C(3) coming from the reduction of the three- form 3 . The bosonic action (in Einstein 
frame 4 ) of this theory is: 



/ d 10 xV^ 

+ \j B {2) AdC {3) AdC {3) , (1.4.9) 



3 It is worth pointing out the meaning of each potential in terms of the branes of the corresponding string 
theory. Fundamental strings are electrically charged with respect to B^ 2 ) , while their duals NS5-branes couple 
magnetically to this potential. In the same vein, DO and D6-branes couple to Cm and D2 and D4-branes to 
C(3). Notice that, as C(i) comes from the eleven dimensional metric, DO and D6-brane configurations must 
uplift to pure geometry in eleven dimensions. 

4 In the so-called Einstein frame, the lagrangian includes an Einstein-like gravitational term y/— g R. On 
the other hand, in the so-called string frame, which is natural from the string sigma model point of view, 
the corresponding term of the lagrangian reads v / ~5 e ~ 2( ^ R- Both frames are related by a rescaling of the 
metric by some power (which depends on the number of dimensions) of the dilaton. See [17] for a description 
of the relation between the actions and equations of motion in both frames. 
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where the field strengths have been defined: F( 2 ) = dC(i), = dB( 2 ) and F( 4 ) = dC^ + 
C(i) A iJ(3) . On the other hand, the fermionic content of the theory comprises two Majo- 
rana spinors: a gravitino ?/v and a dilatino A, each decomposable into two Majorana-Weyl 
components. Their supersymmetry variations read (Einstein frame): 

1 24 Mi^2M3 ]^g2 ^2 M1M2M3M4 ' 



^ = + ^ * ¥ F(^ 2 (r/^ - U5^) r 11 6 + 

+ ^ #il M3 ( r /™ - ^r^) r 11 c + 

i !_ p | p( 4 ) ( F Mi^2M3M4 _ ^xmi-t^wwA pll /i 4 in\ 

O^fi ^MiM2M3/*4 IV q > 1 lit. (±.<±.±u; 



256 mi^2^3M4 \ g m / 

The chirality operator T 11 is defined as T 11 = iT^T 1 . . . T 9 . 

1.4.3 D=10 type IIB supergravity 

There is another maximal supergravity that can be constructed in ten dimensions [18]. This 
type IIB theory is chiral and cannot be obtained by dimensional reduction from eleven 
dimensions. Nevertheless, it is related to type IIA sugra by T-duality. The bosonic degrees 
of freedom are the metric g^ u , the dilaton 0, a NSNS two- form -8(2), a Ramond-Ramond 
scalar x, an RR two- form C( 2 ) and an RR four-form C^y The action for these fields reads 
(in Einstein frame): 



/ 



2 U ^ U ^~Y2 JJ (3)~2 C U ^X U x. ~ Y2 ( 3 ) 
- / C (4 ) A F (3 ) A H {3) , (1.4.11) 



240 (5) 

where the following definitions have been used: F( 3 ) = dCp) — xH(3) and F( 5 ) = dC^ + C(2) A 
if( 3 ). Apart from the equations of motions that arise from this action, one has additionally 
to impose the self-duality condition = . 

Let us now consider the susy variations of the fermionic fields, a dilatino A and a gravitino 
ipp . In the type IIB theory the spinor e is actually composed by two Majorana-Weyl spinors 
€l and e# of well defined ten-dimensional chirality, which can be arranged as a two-component 
vector in the form: 

We can use complex spinors instead of working with the real two-component spinor written 
in eq. (1.4.12). If e# and are the two components of the real spinor written in eq. (1.4.12), 
the complex spinor is simply: 

e = e L + ie R . (1.4.13) 



(1.4.12) 
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We have the following rules to pass from one notation to the other: 

e* <-> 03 e , ie* <-> Ui e , ie —ia 2 e , (1.4.14) 

where the cr's are Pauli matrices. Using complex spinors, the supersymmetry transformations 
of the dilatino A and gravitino ip^ in type IIB supergravity are (Einstein frame): 

<5A = i r^e — — F^ lfl2ll3 ^ 3 e 5 

+ (r™ - 9<^r™)e* , (1.4.15) 

where P^ and F w/12/13 are given by: 

A thorough review on eleven and ten dimensional super gravities, the relations among them 
(Kaluza-Klein reduction, T-duality), solutions from branes and many other topics on gravity 
and its relation with strings can be found in [17]. 



1.4.4 D=8, J\f = 2 SU(2) gauged supergravity 

The easiest way to dimensionally reduce a supergravity theory is to impose that nothing 
depends on the coordinates of the dimensions where the reduction is made. However, Scherk 
and Schwarz proved ([19], see also [20]) that one can allow the fields and transformation 
laws to depend on the internal coordinates in a well defined fashion, satisfying some criteria. 
The idea is to reduce in a Lie group (G) manifold such that the dependence of the fields 
and transformation laws on the internal coordinates appears in a simple factorizable form. 
It turns out that the vector fields coming from the reduction of the metric are gauge fields 
with gauge group G in the lower dimensional theory. 

The maximal eight dimensional gauged supergravity was constructed by Salam and Sezgin 
in ref. [21] by means of a Scherk- Schwarz compactification of D=ll supergravity on a SU(2) 
group manifold. The total number of supercharges is 32 (two Weyl spinors). 

The bosonic field content of this theory can be truncated to include the metric g^ u , a 
dilatonic scalar 0, five scalars parametrized by a 3 x 3 unimodular matrix L l a which lives in 
the coset SL(3,JR)/SO(3), an SU(2) gauge potential A 1 ^ and a three-form potential -8(3). 
The kinetic energy of the coset scalars L l a is given in terms of the symmetric traceless matrix 
P^ij defined by means of the expression: 

+ (Q,) M = Lf ( d, SP a - e aPl Al ) L m , (1.4.17) 
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where Q^ij is, by definition, the antisymmetric part of the right-hand side of eq. (1.4.17). 
Furthermore, the potential energy of the coset scalars is written in terms of the so-called 
T-tensor, T y ', and of its trace, T, defined as: 

T ij = V a L j p 5 aP , T = 5ijT ij . (1.4.18) 

The field strength F* v of the SU (2) gauge field reads: 

F a = dA a + -e^A 13 A A\ (1.4.19) 

where the SU (2) gauge coupling constant has been set to 1. If G^ vpc denotes the components 
of dB( 3 ) , the bosonic lagrangian for this truncation of D=8 gauged supergravity is: 

1 _ 1 1 _ 1 



_ P _ _ P 2< t> pi P^ v » _ _ P . . P^ij _ _ f) 



-± e' 2 * ( T iA T ij - V ) - -L e 2 * ] . (1.4.20) 

This truncation is not consistent in general, as some of these fields act as sources for the 
other fields present in the full Salam-Sezgin supergravity which have been ignored. For these 
sources to vanish, the following conditions must be imposed: 

GAG = *GAF i = 0, (1.4.21) 

where *G is the Hodge dual of G in eight dimensions 5 . 

The eleven dimensional reduction anstaz, that can be readily used to uplift eight dimen- 
sional solutions is, for the metric: 

ds 2 u = e'^dsl + Ae^(A l + -L 1 ) 2 , (1.4.22) 

where L l is defined as: 

U = 2w a Li , (1.4.23) 
with w l being left-invariant forms on the SU (2) group manifold, satisfying: 

dw* = \e ijk w j A w k . (1.4.24) 

In terms of the angles parameterizing the S* 3 : 

w 1 = cosipdO + smip smOdtp , 
w 2 = sin ip d6 — cos ip sin 9 dip , 

w 3 = di> + cos9d(p . (1.4.25) 

The three angles (p, 9 and ip take values in the rank < (p < 2ir, < 9 < n and < ip < Arr. 

5 This can be immediately obtained by looking at the equations of motion written in [21]. Clearly, if 
G = 0, the consistency is trivial. 
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Finally, the 4-form G comes directly from the reduction of the four form field strength F 
of D=ll sugra, when no index is along a reduced dimension. The relation between both is 6 : 

F^ = 2efG^, (1.4.26) 

with underlined indices referring to the tangent space basis. 

The fermionic fields are two pseudo-Majorana spinors ip\ and Xi an d their supersymmetry 
transformations are: 

= ^ e + ^e^;f } (rr - io5jr) e - ^e-%,r% A T e - 

S X i = \ (P»ij + I Sij )Pr"e-J F^ e - ± ( T tj - \ 5 l3 T ) e^ kl t kl e - 

— ^f^e, (1.4.27) 
where the symbol V stands for the full gauge covariant derivative. Its explicit definition is: 

V,e = (d, + \oofY ab + \Q^V^ 6 . (1.4.28) 
The following representation of the Clifford algebra can be used: 

r a = 7- ® e , r = 79 ® <t* , (1.4.29) 

where 7- are eight dimensional Dirac matrices, a 1 are Pauli matrices and 79 = 27-7- • • • 7- 
(79 = 1). From this representation of the gamma matrices, it is immediate to find the useful 
expression: 

r i... 7 fi23 = -1 • (1-4.30) 

The way of writing the Dirac matrices is a remnant from the eleven dimensional theory. 
Upon uplifting, the unhatted gammas would become the lid gammas along the directions 
present in the 8d solution, while the hatted gammas would directly correspond to lid Dirac 
matrices along the three directions of the SU{2) group manifold, using the vielbein that 
naturally arises from (1.4.22). 



1.4.5 D=7, J\f = 2 SU(2) gauged supergravity 

This supergravity was first constructed by Townsend and van Nieuwenhuizen [22] by directly 
gauging simple M = 2 supergravity in seven dimensions 7 . Much later, it was reobtained as 
an S 4 reduction of D=ll sugra [24] and as a Scherk-Schwarz compactification of D=10 sugra 

6 The factor of two is needed to pass from the Salam-Sezgin conventions of eleven dimensional supergravity 
to the more standard ones. 

7 An 50(4) J\f = 2 gauged sugra in D—7 was constructed in [23]. 
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in an SU{2) group manifold [25] (see also [26]). There are only 16 supercharges. Therefore, 
it is not the most extended sugra that can be formulated in D=7. In fact, it can be obtained 
as a truncation of the theory that will be presented in the next subsection. The advantages 
in looking for solutions of the reduced theory, instead of dealing with the maximal one, are 
that it is quite simpler and that uplifting is much more trivial. 

The bosonic field content consists of the metric g^, the dilaton 0, a 3-form potential 
(which can be, equivalently, dualized into a 2-form) and the SU (2) gauge fields A 1 ^ . Once 
again, we will set to one the gauge coupling constant. 

The action for these fields in string frame [27] is 8 : 



C = 



■9(7) 



-2<p 



— -e 



2d> 



R — F?„. 
8 

G(4) A G( 4 ) + ^F a A F 



pn» i + 4 ^ ^qh ^ + 4 
A B {3) , 



1.4.31) 



where = dB^ and the field strength is defined as in (1.4.19). From this action, it is 
immediate to see that the 3-form Br$\ can be consistently taken to vanish only if F A F = 
because, otherwise, it acts as a source because of the last term. 

The fermionic fields are a dilatino A and a gravitino ip^. Their supersymmetric variations 
are 9 (string frame): 



SX 



r»d u 6 + -r 



(IV 



F l a 1 



+ -F* 
4 



+ ^ G, upr + i 
r^ 1 + ^e*r^ 5 G vpTS 



(1.4.32) 



where a 1 are the Pauli matrices rotating the SU(2) internal space and is as in (1.4.4). 

The relation to higher dimensional fields can be read from [26] . Adapting notations, we 
see that from a seven dimensional solution, the corresponding ten dimensional metric and 
NSNS three-form are (in Einstein frame) 10 : 



ds 2 w 



-± 

e 2 



ds 2 7 + -^(w i -A 



i\2 



H {3) = -e 2 * * G( 4 ) - \iw l - A 1 ) A {w 2 - A 2 ) A {w 3 - A 3 ) + i ^ F l A (w l - A 1 ) , (1.4.33) 



and the dilaton stays the same. The Hodge dual is calculated with the 7d string frame 
metric. The vf are left-invariant SU{2) one-forms as in (1.4.24), but w 2 is defined with the 
opposite sign to w 2 , so their algebra is: 



dw l 



A w K 



(1.4.34) 



8 The action can be further generalized by the inclusion of a "topological mass term" h [22], which here 
will be set to zero. 

9 Different conventions used in the literature may lead to confusion. In order to maintain the definition 
(1.4.19), the gauge field and its field strength must be defined with the opposite sign to [27]. The action, 
being quadratic in F does not get modified, but the susy variations do. This is the convention used in [26], 
so the uplifting equations written there can be used without changes in what refers to the gauge field. 

10 It should be noticed that in [26] (eqs. (35)-(38)), the low dimensional theory is also in Einstein frame 
and the metric (fey must be multiplied by a factor of e~"^ in order to match notations. 
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and their explicit expression: 

w} = cos i/j d6 + sin tp sin 6 dtp , 
u> 2 = — sin ip d9 + cos ^ sin 6 d(p , 

= dtp + cos0d£ . (1.4.35) 

The underlining has been introduced with the purpose of minimizing the degree of confusion 
introduced by notation. Hopefully, it will be clear when we are using one-forms satisfying 
(1.4.24) and when they are of the kind (1.4.34). Certainly, everything can be defined using 
just one expression for all the one-forms, but that would make more intricate the relation of 
the equations with those in the cited literature. 



1.4.6 D=7, J\f = 4 SO(5) gauged supergravity 

This maximal (32 supercharges) sugra was found by Pernici, Pilch and van Nieuwenhuizen 
[28]. It comes from compactification of D=ll sugra on an S 4 [29]. The seven dimensional 
supergravity of the previous section is just a truncation of this one. Here, by allowing a larger 
gauge group and more degrees of freedom, a more general situation is taken into account. 

The bosonic content of the theory includes the metric, 14 scalar degrees of freedom 
parametrizing the coset space SL(5, JR)/SO(5) that will be denoted by Vj, 3-form potentials 
C* 3 ) and the SO (5) gauge field Aj/. The indices i, j, J, J run from 1 to 5. The bosonic 
lagrangian takes the form (the notation of [30] is used, mainly). 



+ 



+-/ J {C {Z) ) I A (dC (3) )j + ie WiM (C ( 3))/ A F JK A F LM + ±p 2 (A, F) . (1.4.36) 

The gauge coupling m and gravitational coupling k have been taken to one. p2(A,F) is a 
Chern-Simons term that vanishes for all the cases considered in this work. Moreover, the 
gauge field strength is obtained from the gauge field as: 

F = dA + 2[A,A] , (1.4.37) 

and the P and Q matrices are defined as: 

(V-yvtf = (Q„) [y] + (P,) {ij) . (1.4.38) 

is a gauge covariant derivative, and its action on the scalars and on the spinors reads: 

V,Vj j = dXi + 2(4,)/V?' , = (d, + + \uf la ^j i> . (1.4.39) 

The T tensor, coming from the scalar fields is defined by: 



Ta = (V- 1 ) 1 , (V-^Su , 



(1.4.40) 
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The fermionic fields comprise the gravitino and a set of spin-| fermions. In the following, 
7^ will be the seven dimensional space-time Dirac matrices, while the Tj will be a set of 
five dimensional Dirac matrices living in the internal space, with signature (+ + + + +). 
The spin-i fermions must fulfil the irreducibility condition PAj = 0. The supersymmetry 
transformations of the fermionic fields are: 



+ 



10^3 



(7 M ' 



u\tj 



-rr kl )v£v[ f« l + 



I Pa - lSijT)P + 1-r '(r fc 'r 



(1.4.41) 



The formulae relating the seven dimensional fields to the eleven dimensional ones can be 
found in [29], see also [31]. 



1.5 The twist 

Throughout this work we are going to consider non-trivial supergravity solutions corre- 
sponding to branes which have part of their worldvolume wrapped along some cycles. Such 
a curved worldvolume does not support, in general, a covariantly constant spinor. This 
seems to contradict the fact that D-branes are 1/2-supersymmetric objects. What happens 
is that supersymmetry is not realized in the usual way, but involves a twisted definition of 
the supercharges [32]. 

Let us think about this from the perspective of low dimensional gauged supergravity, 
along the lines of [33]. We start with a geometry including the cycle where the brane is 
wrapped. Then, in general, one cannot fulfil the condition D^e = (d^ + uj^e = 0. However, 
one can couple the theory to the gauge field, in order to satisfy the following schematic 
equations: 

A ll = u) ti => XV = {d„ + lu^- A^)e = d„e = , (1.5.1) 

which can be immediately solved by taking a constant spinor. Therefore, the way of getting 
super symmetric solutions related to wrapped branes is by appropriately identifying the spin 
connection with the gauge connection related to the R-symmetry group. This coupling to 
the gauge field changes the spins of all fields, resulting in what is called a twisted field theory. 
However, when one takes into account that the cycle where the brane is wrapped is small 
and one decouples the corresponding Kaluza-Klein modes, it is possible to end up with an 
ordinary (not twisted) field theory living in the unwrapped worldvolume of the brane. 

We now consider the uplifting to eleven dimensions of a solution of this kind. If there are 
only type IIA D6-branes, the eleven dimensional solution must be pure geometry. There- 
fore, we get a Ricci flat manifold with reduced supersymmetry y p (which implies reduced 
holonomy). The gauge connection of the low dimensional theory becomes spin connection 
upon the uplifting. Hence, the twisting can help us in looking for such non-trivial metrics. 
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We now turn to the above mentioned type IIA solutions with D6-branes corresponding to 
this eleven dimensional solution. The D6-branes must be wrapping a supersymmetric cycle 
inside a different manifold X v _\ (or X p _2 in some cases). This manifold X preserves the 
double of supersymmetries than y p , so the total number of supercharges is the same, as the 
D6-branes half them [34]. For instance, D6-branes wrapping a supersymmetric two-cycle 
inside an SU (2) holonomy manifold uplift to an SU(3) holonomy manifold, and D6-branes 
wrapping a SLag three-cycle inside an £77(3) holonomy manifold uplift to a G2 holonomy 
manifold. These cases will be considered in the following chapters. 
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Chapter 2 

Supersymmetry and metrics on the 
conifold 

2.1 Introducing the conifold 

The so-called conifold (see [35]) is a Calabi-Yau manifold with six (real) dimensions. Notably, 
it is one of the few Calabi-Yau three-folds in which a Ricci-flat Kahler metric is known. Its 
great physical importance comes from the fact that it allows to construct string theory 
vacua with reduced supersymmetry. This is very useful in the search for gravity duals of 
four dimensional gauge theories with Af = 1 supersymmetry [36, 37, 38]. Moreover, the 
study of singularities and the ways in which they can be smoothed provides a framework in 
which some non-trivial phenomena can be studied. The conifold is also archetypical in the 
study of geometric transitions [39, 40]. 

Let us start by defining the (singular) conifold as the six-dimensional surface embedded 
in (D 4 according to: 

E (z A ? = , (2.1.1) 

A=l 

where the z A are complex numbers. Let us separate the real and imaginary parts of the z A 's: 

z A = x A + iy A , A=1,...,A. (2.1.2) 

Notice that if z A solves eq. (2.1.1), so it does \z A for any A. Therefore, the surface is made 
up of complex lines through the origin, and thus it is a cone. The apex of the cone z A = 
is the only singular point of the manifold. 

The base of the cone can be described by the intersection of the quadric with a sphere 
in (D 4 , which is given by: 

E \A 2 = p 2 ■ (2-1.3) 

A=l 

Eqs. (2.1.1) and (2.1.3) are better expressed in terms of the real quantities x A , y A of eq. 
(2.1.2). Using a notation where they are four-dimensional vectors: 

1 1 
x-x = -p 2 , y.y = - p 2 i x-y = 0. (2.1.4) 



27 



28 



CHAPTER 2. SUPERSYMMETRY AND METRICS ON THE CONIFOLD 



The first equation defines an S* 3 while the other two define an S* 2 fiber over S* 3 . All such 
bundles are trivial, so the topology of the base of the cone is S 2 x S 3 . 





Figure 2.1: A pictorial representation of the singular conifold: it is a cone whose base is 
topologically S 2 x S 3 . 

We now want to look for Ricci-flat Kahler metrics on the conifold. Ricci flatness implies 
that the base of the cone admits an Einstein metric. There are two possible metrics which 
represent different geometries on S 2 x S 3 that fulfil this requirement. However, by further 
imposing the Kahler condition 1 one is only left with the T 1,1 metric for the base of the cone 
[35]: 



dsKT 1 ' 1 ) = - (dip + cos 9 dp + cos 6 dtp} 2 + 



9 

+ \{d6 2 + sin 2 fl# 2 ) + ^(d9 2 + sin 2 6 d V 2 ) 



(2.1.5) 



The angles take values in the range: < 9, 9 < it and < tp, (p < 2ir and < ip < An. 
Notice that it is manifest that this metric is a U(l) fibration over S* 2 x S* 2 . This compact 
homogeneous space T 1,1 can also be defined as a coset space: 



tM = SU{2) x SU{2) 



U{1) 



and its volume is Vol(T 



16tt 



. The (singular) conifold metric is: 
ds 2 6 = dp 2 + p 2 dsl(T^) . 



(2.1.6) 



(2.1.7) 



A natural question to ask is how one can define a related manifold where the singularity 
at the apex is avoided. The most natural way seems to modify eq. (2.1.1): 



(2.1.8) 



A=l 



This is the so-called deformation of the conifold. At the apex there is a finite S 3 , while the 
S 2 shrinks to zero. 



1 The Kahler condition implies that there exists a function T (the so-called Kahler potential) such that 
g^iv = d^duT, where the is the metric of the six dimensional space: ds% = g^dz^dz". 
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There is also another way of getting rid of the singular point. By defining: 

x = -L(, 3 + ^ 4 ), y = -L(-^ + ^ 4 ), 

U=-L(z 1 -zz 2 ) , V = ±=^ +lz i )) (2.1.9) 



eq. (2.1.1) can be reexpressed as: 



XY - UV = . (2.1.10) 



( x 








y) 


(t) 



Now, replace this equation by: 

, (2.1.11) 

where Ai, A 2 G C are not both zero. Except at the apex, the system gives a value to Ai/A 2 . 
But at the apex, A1/A2 is not constrained, so one has an entire P 1 = S 2 . This defines the 
so-called small resolution of the conifold (this manifold will be called resolved conifold from 
now on). At the apex there is a finite S 2 , while the S 3 shrinks to zero. 

A schematic picture of the ways of repairing the singularity is shown in figure 2.2. 



conifold 




Figure 2.2: The two possible ways to smooth the conifold singularity are the deformation, 
replacing the node by an S* 3 and the resolution, replacing the node by an S 2 . /i and a are 
the corresponding deformation and resolution parameters. 

Homogeneous Ricci-flat Kahler metrics on the deformed and resolved conifold where 
computed in [35]. It was shown that when the resolving parameters are taken to zero, both 
metrics tend to (2.1.7), in agreement with the fact that there is only one Ricci-flat Kahler 
metric on the singular conifold. All these metrics have the same asymptotic behavior for 
large radial coordinate, far from the singularity. These results will be rederived below from 
a very different perspective. 
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Using gauged supergravity 

In this chapter, it will be shown how gauged supergravity provides a nice framework to study 
the conifold metrics. The metrics on the singular, deformed and resolved conifolds (and their 
generalizations with one additional parameter [41, 42]) can be found in a unified formalism. 
The different metrics are different solutions of the same system of equations. Furthermore, 
the Killing spinors will be obtained. Two independent projections must be imposed on them, 
which is a direct check of the fact that the conifold is a 1/ 4-supersymmetric manifold. 

Another lesson we will learn is that the excitation of new gauged sugra degrees of freedom 
can smooth singularities. The same will happen in chapter 3 in a different scenario. 

In the rest of this chapter we will use Salam-Sezgin gauged supergravity (see section 
1.4.4). By considering an eight dimensional ansatz corresponding to D6-branes wrapped on 
an S 2 sphere, we can find an 8d supersymmetric solution. Then, one can easily uplift the 
solution to eleven dimensions (remember that this 8d sugra comes from compactification of 
lid sugra on S* 3 ). 

The uplifting formulae render a fibration of the S 2 over the S* 3 , due to the twisting 
performed in eight dimensions. Then, the resulting lid metric is A1i,4 x 3^6 where M. stands 
for Minkowski space and 3^6 is a cone with a base topologically S 2 x S* 3 (the radial coordinate 
of the cone appears as the distance to the D6, which are domain walls in 8d). Moreover, 3^6 
must be Ricci-flat because the D6 uplifts to pure geometry in eleven dimensions. This six 
dimensional non-trivial metric turns out to describe the conifold. The solution corresponds 
in ten dimensions to D6-branes wrapping an S 2 inside a K3. 



2.2 D6-brane wrapped on S* 2 

So let us consider a stack of D6-branes wrapping an S 2 . As explained above, the natural 
framework to deal with this problem is D=8 gauged supergravity where they are domain 
walls. The expressions (1.4. 17)-(1. 4.30) will be used. The ansatz for the metric is: 

ds\ = e 2f dx 2 1A + e 2h d£l\ + dr 2 , (2.2.1) 

where h = h(r), f = f(r) and dfl 2 , = d9 2 + sin 2 6 'dip 2 is the metric of the unit S 2 . More- 
over, because of the symmetry of the setup, it is enough to excite one scalar in the coset 
SL(3,M)/SO(3). Accordingly, the L l a matrix will be taken as: 

L* Q = diag(e A ,e A ,e- 2A ) . (2.2.2) 

For the moment, we will consider to vanish (see chapter 4 for its inclusion). Apart from 
the metric and the scalar A, the dilaton and the 577(2) gauge potential A 1 are also present. 
The lagrangian density (1.4.20) becomes: 




2.2. D6-BRANE WRAPPED ON S 2 



31 



where F l is defined in (1.4.19) and the P and Q matrices are (1.4.17). 



P = 
1 *j 



/ X' dr 


V -A 2 sinh 3A 





A' dr 
A 1 sinh3A 



-A 2 sinh3A\ 
A 1 sinh3A 
-2A' dr ) 



Q 



■ij 



o 

A 3 

V -A 2 cosh 3A 



-A 3 


A 1 cosh3A 



A 2 cosh 3A \ 
-A 1 cosh3A 




(2.2.4) 



Throughout the whole thesis, the prime will always denote derivative with respect to r. 

The ansatz for the gauge field is better presented in terms of the triplet of Maurer-Cartan 
1-forms 2 on S 2 : 

a} = d6, a 2 = sin6d(p, a 3 = cos9d(p , (2.2.5) 



that obey the conditions da 1 — — \ e^kQ^ A a j . The gauge field A will be taken as: 



A 1 



g{r) g_ 



A 2 



g{r) Q_ 



A 3 = a 3 



[2.2.6) 



Notice that the form of the A 3 component is dictated by the schematic equation (1.5.1) and 
therefore provides the appropriate twisting needed to preserve some supersymmetry [43]. The 
other components of A can also be switched on [10], much in the spirit of the t'Hooft-Polyakov 
monopole, where non-abelian gauge field degrees of freedom appear at short distances and 
smooth the Dirac singularity. The field strength (1.4.19), reads (remember that to get to flat 
indices on the internal group manifold one must further multiply by the matrix of scalars 
Li): 



F 1 = g' dr A a 1 , F 2 = g 1 dr A a 2 , F 3 = (g 2 - 1) a 1 A a 2 
The uplifted eleven dimensional metric is (1.4.22): 



(2.2.7) 



ds 2 n 



dx j 4 + e ^-f d n 2 2 + e"^dr 2 + 4e^ +2A '- 1 ' 



+ 4ef +2X (w 2 + go 2 ) 2 + 4ef-^^- 3 



w° + a 



w x + h J + 

3 \2 



where 



/ = 0/3 , 



(2.2.8) 



(2.2.9) 



has been imposed in order to have flat five dimensional Minkowski space-time in the un- 
wrapped part of the metric (this condition can be also obtained from consistency of the susy 
variation equations). The w l were defined in (1.4.24). 



2 These forms are defined as underlined sigmas to avoid confusion with Pauli matrices. 
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Let us use the method described in section 1.3.1 to look for a solution. We have to 
impose: 

6^ = 5xi = , for all //, i , (2.2.10) 

with the expressions of the variations given in (1.4.27). In the following, Tq, T v and T r are 
Dirac matrices with flat indices, referred to the vielbein which is natural from (2.2.1). In 
order to seek for solutions to the system, we start by subjecting the spinor to the following 
angular projection 

rV = -f 12 e, (2.2.11) 

which is imposed by the Kahler structure of the ambient K3 manifold in which the two-cycle 
lives. By explicitly writing eqs. (1.4.27) for this ansatz, it can be seen that (2.2.11) is needed. 
The equations 5xi = 5x2 = give: 

(V + y>')e = ge- h sinh 3A f x^^f 123 e - e^ x ' h g'T l T e e - -^~ AX r r f 123 e , (2.2.12) 

while 5x3 = reads: 

(2A'-j^')e = [e<f>- 2X - 2h (g 2 - 1) - {e^ x - 2e 2A ) 

+2g e~ h sinh 3A l\ T e T r f l23 e . 
One can combine these two equations to eliminate A': 



(2.2.13) 



0'e + e^yf ilV + 



r 1 



-2A-2/1/ 2 



GT-l) + ge- 



e -4A + 2e 2A) r r f 123e = . (2.2.14) 



From this last equation, it is clear that the supersymmetric parameter must satisfy a pro- 
jection of the sort: 

r r f 123 e = -(P + (3t 1 T e )e , (2.2.15) 

where (5 and (3 are (functions of the radial coordinate) proportional to the first derivatives 
of 4>' and g'\ 



0' = 



2 6 



-2\-2h I „ 2 



(g 2 - 1) + -e 



-4A 



+ 2e 2A ) , 



8 



e* +x - h g' 



r 1 <t>-2X-2h( g 2 _ 1} + I e -<^ (e -4A + 2e 2A 

2 8 



/3. 



(2.2.16) 
(2.2.17) 



This radial projection encodes a non-trivial fibering of the two sphere with the external three 
sphere as will become clear below. Since (r r ri 23 ) 2 e = e and {rVIi 23 , TiTe} = 0, one must 
have: 



P 2 + P 2 



Thus, we can represent (3 and /3 as: 

(3 = cos a 



P 



smct 



(2.2.18) 



(2.2.19) 



Also, it is clear that both independent projections (2.2.11) and (2.2.15) leave unbroken eight 
supercharges as expected. Inserting the radial projection (2.2.15), as well as (2.2.16), in 
(2.2.13), we get an equation determining A': 



A' = ge~ h sinh 3A (3 - 



-2\-2h ( J2 



W - 1) - 



-4A 



-e 2X ) (3, 



6 



(2.2.20) 
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together with an algebraic constraint: 

1 



ge~ h sinh3A (5 + 



-2\-2h I 2 



e- 4A - 2e 2A 



P = . 



(2.2.21) 



Let us now consider the equations obtained from the supersymmetric variation of the grav- 
itino. From the components along the unwrapped directions one does not get anything new, 
while from the angular components we get: 



tie = - ge~ h cosh 3Af T r f 123 e + -e^ +x - h g'T 1 T e e 

_I [ _ 5e <P-2X-2h / 2 _ 1) + I e ~H 2e 2A + e -4A X 

6 L 4 



Trri23 e 



(2.2.22) 



By using the projection (2.2.15) we obtain an equation for hi: 



ti 



-ge~ h cosh3A/3+ - 
6 



5e ? 



-2\-2hf 2 



2e 2A + e~ 4A ) /3 , (2.2.23) 



together with a second algebraic constraint: 

1 



-ge~ h cosh3A/9 + 



2 6 



-2A-2/1/ 2 



((? 2 -l) - -e-^(2e 2A + e' 4A )l^ = . 



(2.2.24) 



Finally, from the radial component of the gravitino we get the functional dependence of the 
supersymmetric parameter e: 



d r e = -e^ h g' t x T e e - - 



1 

12 



-2A-2/ l( ^2_ 1) + ^ (2e 2A + e -4A ) 



r r f 123 e. (2.2.25) 



The projection (2.2.15) gives the generalized twisting conditions first studied in [9] and 
applied to this case in [10]. Its interpretation goes as follows: using the trigonometric 
parametrization (2.2.19), the generalized projection can be written as: 



r r f 123 e = -e afir « e , 



which can be solved as: 



e = e -2« r i r »e 



rvri23 e — — e . 



(2.2.26) 



(2.2.27) 



We can determine e by plugging (2.2.27) into the equation for the radial component of the 
gravitino (2.2.25). Using (2.2.26), we get two equations. The first one gives the characteristic 
radial dependence of e in terms of the eight dimensional dilaton, namely: 



Or CO — 77 e 

6 



e = ee 7] , 



(2.2.28) 



with i] being a constant spinor. The other equation determines the radial dependence of the 
phase a: 

a' = -2e 0+A ~y . (2.2.29) 
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Thus, the spinor e can be written as: 

e = J e -i«f ir fl v ? r r f 123 ?7 = -?7 , r^f 12 77 = 77. (2.2.30) 

The meaning of the phase a can be better understood by using the identity (1.4.30), so that: 

T x °--x 4 (cos a: Y 6ip — sin a r e r 2 )e = e , (2.2.31) 

which shows that the D6-brane is wrapping a two-cycle which is non-trivially embedded in 
the K3 manifold as seen from the uplifted perspective that is implied in (2.2.31). 

Let us turn to explicitly finding the functions 0, A, h and g. We start by solving the two 
algebraic constraints (2.2.21), (2.2.24). By adding and subtracting the two equations, we 
get: 

3 a e~ 3X ~ h 
tana = £ = -2 ge* +x - h = - - - - % = — - . (2.2.32) 

Whereas the first part of this equation allows us to write a in terms of the remaining 
functions, the last equality provides an algebraic constraint that restricts our ansatz. It is 
not hard to arrive at the following simple equation: 

g [g 2 - 1 + I e -2^-2A+2/ l ] = (2 ^ 33) 

There are obviously two solutions: 

9 = 0, (2.2.34) 

9 



2 = l _ l e -24>-2X + 2h , 2 2 35) 

4 

In the following sections, it will be proved that (2.2.34) leads to the resolved conifold metric 
while (2.2.35) leads to the deformed conifold metric. They can also be imposed simultane- 
ously, and the regularized conifold is found. 



2.3 The generalized resolved conifold 

Let us first consider the possibility (2.2.34), i.e. the case g = 0. In view of (2.2.21), (2.2.24) 
this implies: 

£ = = J , (2.3.1) 

and so, the radial projection on the spinor (2.2.15) is unrotated. This is a consistent trunca- 
tion of the system of equations (notice that (2.2.17) and (2.2.29) are automatically satisfied). 
It leads to the case studied in [43], whose integral is the generalized resolved conifold (see 
also [8]). The system of differential equations (2.2.16), (2.2.20), (2.2.23) becomes: 

0' = -- e ^- 2X - 2h + -e^(e- 4X + 2e 2X ) , 
2 8 

A' = I e *- 2A - 2ft + -e^(e- iX - e 2X ) , 
3 6 

ti = \^- 2X - 2h + l e -^( e - 4A + 2e 2A ) . (2.3.2) 
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A priori, this system seems hard to solve. However, there is a procedure that sometimes 
works for this kind of problems. First, we look for a combination of the fields such that 
some dependence cancels in the resulting differential equation. Then, we try to redefine the 
radial variable in a way that only the new field appears in the equation. In this case, it is 
convenient to define the new field x and the new radial variable t: 

x = 4e 2<t >- 2h+2X , ^ = e ^ + 4A , (2.3.3) 

at 

and then we can derive from (2.3.2): 

^- = -x(l-x), (2.3.4) 

dt 2 v ; ' K J 

which is solved by: 

x = - , (2.3.5) 

1 + c e 2 

with c being an integration constant. It follows from the first-order system (2.3.2) that A 
satisfies the equation: 

f-^-^ + is- (2 - 3 - 6) 

By using the explicit dependence of x on t, displayed in eq. (2.3.5), the integral of eq. (2.3.6) 
is easy to find. In order to express this integral in a convenient way, let us parametrize A as: 



6 



log(-) - logrej . (2.3.7) 



In general, the function n(t) is given by: 



e§* + fee* + d , 
<t) = ^ — , (2.3.8) 

where d is a new integration constant. Knowing x and A, it is immediate to get the expressions 
of h and by integrating in (2.3.2): 

e 2h = e % (1 + ce~5) K (f)B ; e = 96"^ e'f K (t)* . (2.3.9) 

In order to obtain the metric in a more familiar way, let us redefine again the radial variable 
and the integration constants: 

e5 = — ^ p 2 , c = a 2 , d = r 6 6 . (2.3.10) 

6(96)5 r (96)1 6 3 (96)4 

(we are assuming that d < 0). With these definitions the function re becomes: 

f , p 6 + 9a 2 p 4 -& 6 
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while eq. (2.3.9) turns out to be: 

e2k = 7T^P(P 2 + Qa2 ) <P)*> ^ = ^A> 5 (2-3.12) 

6(12)3 iz 

and the eleven dimensional metric (2.2.8) is: 

ds 2 u = dx\ A + i(p 2 + 6a 2 )^ + ^ + \p 2 ((^) 2 + (* 2 ) 2 ) 

+ Y K (P) (* 3 + cos^) 2 , (2.3.13) 

where (2.3.3), (2.3.10) have been used to calculate dr 2 . Finally, by using the expression of 
the left invariant one forms (1.4.25), the metric can be written as ds^ = dxf 4 + dsg, where 
the six-dimensional metric ds^ is: 



ds, 



g = — —— + — k(p) (dtp + cos 9 dip + cosOdip) + 
K{p) 9 v ' ' 



+ ^p 2 (d6 2 + sin 2 6 dip 2 ) + ^(p 2 + Q a 2 ) (d6 2 + sin 2 6 dip 2 ) , (2.3.14) 

which is the known metric of the generalized resolved conifold [41, 42]. The inclusion of the 
parameter b generalizes the resolved conifold metric [35, 44], that is recovered when 6 = 0. 

First order system from a superpotential 

We are going to rederive here the system of differential equations (2.3.2) using the method 
presented in section 1.3.2. 

By directly plugging in (2.2.3) the ansatz for the fields (2.2.1), (2.2.2), (2.2.7), (2.2.34), 
one gets the effective lagrangian 3 in the radial variable r: 



L eff = e^ 2h 



5 /« + 5 f h > + l U 2 - h' 2 - U' 2 - I e 2^4^4A + 
jL Zi Zi Zi 



+ — e-^ (--e- 8X + 2e- 2A ) + - e~ 2h 
16 V 2 ; 2 



(2.3.15) 



As we want a lagrangian of the type (1.3.10), we must define: 



A = f + ±h , (2.3.16) 
so the term in f'h' disappears, and then redefine the radial coordinate r — > 77: 

% = e-^ , (2.3.17) 
drj 

3 Integration by parts has been performed in order to get rid of the second derivatives that appear in the 
calculation of the Ricci scalar. 
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in order to have the field A in the exponent of the common factor. The new lagrangian (now 
in the variable rj) is: 



J eff - e 



5(d v Ar - \{d v hf - 3 -(d v \f - \{d v <pf - I e 2 ^" 4A + 



+ l e - 2 ^(--e- 8A + 2e~ 2A ) + -e~ 3h 
X 6 2 2 . 



(2.3.18) 



Notice the extra factor because offLdr = JLdr)=>L = Le 2 ft . So we have an expression 
like (1.3.10) being: 

3 

ci = 5 , c 2 = 5 , G hh = - , = 1 , G\\ = 3 , 

V(h, 0, A) = \ e 2 ^ 5h - 4A - e" 2 *^ (-ie- 8A + 2e" 2A ) - J e" 3h . (2.3.19) 

According to (1.3.12), we seek a function W(h, 0, A) such that (take c 3 = 1): 

^ * A) = 3 (air J + 6 (aT j + 2 (a* J _ 4 (232 °) 

A simple straightforward calculation allows to check that the condition is fulfilled for: 

W = -i e ^"l^ 2A - i e -*-3* (2e 2A + e^ 4A ) . (2.3.21) 
2 8 

The first order equations (1.3.14) obtained from it exactly match the system (2.3.2) after 
changing back to the original radial variable, and also give the relation /' = 0'/3 . 

It is worth pointing out that to use the superpotential method, the constraint (2.2.34) 
had to be imposed from the beginning whereas looking at the susy fermionic variations, 
it directly came from the equations. It is not clear how to start from the general ansatz 
(2.2.6) and to get the two possible constraints (2.2.34), (2.2.35) following the reasoning of 
the superpotential. 



2.4 The generalized deformed conifold 

Let us now analyze the second possibility (2.2.35). It is not difficult to find the values of (5 
and P for this solution of the constraint: 

[3 = ±e-*- x+h , P = -g. (2.4.1) 

Notice that they satisfy f3 2 + f3 2 = 1 as a consequence of the relation (2.2.35). Moreover, one 
can verify that (2.2.35) is consistent with the first-order equations. Indeed, by differentiating 
eq. (2.2.35) and using the first-order equations for 0, A and h (eqs. (2.2.16), (2.2.20) and 
(2.2.23)), we arrive precisely at the first-order equation for g written in (2.2.17). It can 
be also checked that eq. (2.2.29) is identically satisfied for this solution of the constraint. 
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Thus, one can eliminate g from the first-order equations arriving at the following system of 
equations for 0, A and h: 

0' = l - e - 2<t>+x+h , 
8 

A " 24 6 ~ 2 6 + 2 6 

/i' = -— e ^+ x+h + 1 e 3 ^ + - e- 3X " h . (2.4.2) 
12 2 2 K J 

In order to integrate the system (2.4.2), we will follow again the procedure explained after 
(2.3.2). Let us define the function z = + A — h and a new radial coordinate r, dr = 
2e^~ 2X d,T. Then, it follows from (2.4.2) that z satisfies the equation: 

8 T z = l -e' z - 2e z . (2.4.3) 
This equation can be immediately integrated: 

e* = i COSh(T + To ] , (2.4.4) 
2 sinh(r + r ) V ' 

where To is an integration constant, which from now on we will absorb in a redefinition of 
the origin of r. We can obtain <p by noticing that it satisfies the equation: 

d T (p = ^e~ z . (2.4.5) 
Since we know z(t) explicitly, we can obtain immediately 0(t), namely: 

= /i(coshr)5 , (2.4.6) 
where fj, is a constant of integration. Finally, h satisfies the following differential equation: 

d T h = -^e~ z + e z + e 6 ^ 5z - 6h . (2.4.7) 

If we define, y = e 6h and use the expressions of z and <fi as functions of r, we get: 

cosh 2 r + 2 ,_„ fi (sinhr) 5 , n 

d -y = u • z y + 192 a r 2 > 2 - 4 - 8 

cosh r smh r (cosh r) 2 

which is also easily integrated by the method of variation of constants. In order to express 
the corresponding result, let us define the function: 

f sinh 2r - 2r + C ) 5 

K(r) ee A ^ L , (2.4.9) 

2a sinhr 

where C is a new constant of integration. Then, h is given by: 

e h = ^2H-^- T [K{r)]K (2.4.10) 
(cosh T) 3 
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As we know z, h and 0, we can obtain A. The result is: 

e A = (|)* (coshr)^ [X(r)]5 . (2.4.11) 
Finally, we can get g from the solution of the constraint (2.2.35), namely: 

9 = — ^- • (2.4.12) 
coshr 

It follows immediately from (2.4.12) that g — > as r — > oo. Moreover, by using the explicit 
form of this solution we can find the value of the phase a: 

sinhr 1 

cos a = — : — , sina = — , (2.4.13) 

cosh r cosh r 

Notice that a — > —n/2 when r — * 0, whereas a — > for r — > oo. In order to express neatly 
the form of the corresponding eleven dimensional metric, let us define the following set of 
one-forms: 

9 A = ^[ff+w 1 ], g 5 = [a 3 + w 3 ], (2.4.14) 

and a new constant fj,, related to /t as /j, — 2^"3^/i. Then, by using the uplifting formula 
(2.2.8), the resulting eleven dimensional metric ds\-y can again be written as ds^ = dx\ A +ds\, 
where now the six dimensional metric is: 



dsl = \^K{t) 



' ;rfr 2 + (, 5 ) 2 )+cosh 2 (l)((, 3 ) 2 + (, 4 ) 2 ) + 



3K(t) 3 v va ' ' v 2' 

+ sinh 2 (;)((^) 2 + (/) 2 ) 



(2.4.15) 



which, for C = is nothing but the standard metric of the deformed conifold, with /i being 
the corresponding deformation parameter [35]. The metric (2.4.15) for C ^ was studied 
in ref. [42], where it was shown to display a curvature singularity when // ^ 0. The /i — 
case will be addressed in the next section. 

This solution may also be obtained from the superpotential method by imposing the 
constraint (2.2.35) from the beginning. 



2.5 The regularized conifold 

Both solutions of the constraint (2.2.34), (2.2.35) can be imposed simultaneously. Of course, 
this leads to particular solutions of the equations of the previous sections: it amounts to 
taking a = in section 2.3 or to taking ji — in section 2.4. We now prove this statement 
by making ji — > in (2.4.15). This limit must be taken with care, since, at first glance, it 
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seems to annihilate the metric. The key point is that the constant r of eq. (2.4.4) must be 
first reintroduced (i.e. by changing r — > r + To) and then taken to infinity in an appropriate 
fashion. In fact, if we write: 

e 2ro = (2.5.1) 

the p — > (and accordingly t — > oo) limit of (2.4.15) reads: 

dsl = I e 2r ( e 2r + ^-C ) 3 (dr 2 + (d$ + cos 6d(p + cos tfdy?) 2 ) + 
9 y 16 ) v 7 

+ I (V + 3 (d# 2 + sin 2 fl# 2 + d# 2 + sin 2 6d V 2 ) . (2.5.2) 



The constant C must also be appropriately taken to infinity in order to keep finite the 
term. In fact, let us identify [42]: 

b G = ^-C , (2.5.3) 

and define a new radial coordinate p: 

p 6 = e 2r + b 6 . (2.5.4) 

Then, one arrives at: 

dp 2 p 2 ( b 6 \ 

ds 2 6 = — — + 1 g (# + cos 6dip + cos Odipf + 

1 — 9 \ P J 

+ lp 2 (d9 2 + sin 2 9d<p 2 + d9 2 + sin 2 9d V 2 ) , (2.5.5) 

The metric (2.5.5) coincides with the a — > limit of (2.3.14). We have proved that both 
the generalized deformed and generalized resolved conifolds tend to (2.5.5) when p — > or 
a — > respectively. 

This metric was studied in reference [42], where it was named regularized conifold. It 
has no curvature singularity for b ^ 0. It has a conical singularity that can be removed after 
a 7L 2 identification of the U(l) fiber ip, similarly to what happens in the Eguchi- Hanson 
metric. 

It follows from this discussion that the regularized conifold is a boundary in the mod- 
uli space separating the regions that correspond to the generalized deformed and resolved 
conifolds (see section 2.6 for more details). 

Moreover, taking 6 = 0, the standard singular conifold metric (2.1.7) is recovered. 



2.6 Discussion 

In this chapter, a unified scenario for conifold singularity resolutions from the perspective of 
M-theory has been presented. A single system of equations encompasses both the (general- 
ized) deformation and the (generalized) small resolution of the conifold. Each kind of metric 
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appears as one of the only two possible solutions of an algebraic constraint. This allows us 
to give a unified representation of the moduli space of metrics on the conifold. The regular- 
ized conifold interpolates between the two kinds of singularity resolution, being the metric 
obtained when both solutions of the constraint are fulfilled simultaneously. Notice that we 
cannot continuously connect the deformed and resolved conifolds through a supersymmetric 
trajectory of non-singular metrics (as the generalized deformed metric displays a curvature 
singularity) . 

A pictorial scheme is depicted in figure 2.3. It may be worth to remind that only two of 
the three integration constant exist on a solution (a, b for the generalized resolved and /i, b 
for the generalized deformed) 



Figure 2.3: Representation of the moduli space of generalized resolutions of the conifold 
singularity. The two regions depicted correspond to the two solutions of our constraint. 
The generalized deformed conifold metric is singular. A point on each of the three lines 
represents, from left to right, the resolved, regularized and deformed conifold. They meet at 
a single point, the singular conifold. 

As a byproduct of the supersymmetry analysis, the Killing spinors for these geometries 
have been obtained 4 . In particular, the obtainment of the Killing spinors on the deformed 
conifold is remarkable. It is based on a rotated radial projection (2.2.26). We will see in 
the following chapters that this technical trick is really useful, since such kind of rotated 
projection appears in lots of setups. 

Moreover, it has been shown that lower-dimensional gauged supergravities are an appro- 
priate framework to resolve singularities in the study of geometries corresponding to D-branes 
wrapping supersymmetric cycles, which are dual to supersymmetric gauge theories. A con- 
ventional twisting (2.2.6) with g = and constant A leads to the singular conifold metric. 
But as we have seen, by switching on the appropriate degrees of freedom of the gauged sugra, 
the twisting can be generalized and the singularity smoothened. However, asymptotically 
(for large r), the solution, and therefore, the twisting, remains unaltered. 

Finally, it is worth to point out that the mechanism presented in this chapter for desin- 
gularizing the conifold is also useful to study other singularity resolutions. Some examples 

4 Although the eight dimensional spinors have been presented, the eleven dimensional susy analysis goes 
much the same way, identifying the hatted gammas with the three Dirac matrices along the directions of the 
S 3 appearing in the uplift. 
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will be presented in the following. 



Chapter 3 



G2 holonomy metrics from gauged 
supergravity 

3.1 Introduction 

G 2 holonomy manifolds and their physical significance 

On a Riemannian manifold, one can move tangent vectors along a path by parallel transport. 
The holonomy group is defined as the set of linear transformations arising from parallel 
transport along closed loops. As parallel transport preserves the length of vectors, the 
holonomy group of an orientable n-manifold must be contained in SO(n). If it is indeed a 
proper subgroup, then we say that the manifold has special holonomy. Special holonomy 
manifolds are important in physics because they preserve some fraction of the supersymmetry 
(we have already seen an example in the previous chapter, the conifold, which has SU(3) 
holonomy and, hence, it is 1/4-supersymmetric). In this chapter we will consider manifolds 
with G 2 holonomy. 

The group G 2 is a subgroup of 50(7), so we will deal with seven dimensional manifolds. 
It leaves invariant the multiplication table of the imaginary octonions. Therefore, its action 
preserves the form 1 : 

$( 3 ) = dx 123 + dx U5 + dx 167 + dx 2m - dx 2 57 - dx U 7 - dx 356 . (3.1.1) 

Then in order to have G 2 holonomy, there must exist such a three-form that does not change 
under parallel transport throughout the manifold. Referring the three-form to some vielbein 
basis, we need its covariant derivative to vanish: D^ vpa = 0. It is known that this is 
equivalent to having: 

d$ = cf $ = . (3.1.2) 

$ is a calibrating three-form which calibrates a minimal three-cycle inside the seven dimen- 
sional G 2 holonomy geometry. This cycle is called associative (the four-cycle calibrated by 
*<3> is called coassociative). 

1 We write here the (possibly) most standard notation for the octonion algebra, although in the following 
sections, this form will be defined with some redefinition of the labels. 
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Let us now turn to the relation of G 2 holonomy with supersymmetry. The spinor repre- 
sentation of SO (7) can be decomposed, in terms of representations of G 2 , as: 

8 -> 7 + 1 , (3.1.3) 

i.e. it splits into a fundamental and a singlet of G 2 . Only the singlet gives a covariantly 
constant spinor D^e = 0. The rest of the spinors get changed under transport over the 
manifold. Hence, G 2 holonomy manifolds are 1/8-supersymmetric. Going now to eleven di- 
mensional supergravity, one can conclude that, being supersymmetric, it solves the equations 
of motion, and, therefore, G 2 holonomy manifolds are Ricci-flat (we set the 3-form of D=ll 
sugra to zero). It is also worth to point out that the three- form <3> can be computed as a 
bilinear in the covariantly constant spinor. This property will be explicitly used in sections 
3.2.2 and 3.3.2 below. It gives a relation between the projections on the Killing spinors and 
the calibrating form. 

For a better introduction to all the topics presented above, see [45]. 

By studying M-theory on G 2 holonomy manifolds, one finds a dual description of M = 1 
four dimensional supersymmetric Yang-Mills (SYM). If the manifold is large enough and 
smooth, the low energy description is given in terms of a purely gravitational configuration 
of eleven dimensional supergravity. The gravity/gauge theory correspondence then allows 
for a geometrical approach to the study of important aspects of the strong coupling regime 
of SYM theory such as the existence of a mass gap, chiral symmetry breaking, confinement, 
gluino condensation, domain walls and chiral fermions [40, 46, 47, 48]. These facts have led, 
in the last years, to a concrete and important physical motivation to study compact and 
non-compact seven-manifolds of G 2 holonomy. 

Up to year 2001, there were only three known examples of complete metrics with G 2 
holonomy on Riemannian manifolds [49, 50]. They correspond to IR 3 bundles over S 4 or 
CP 2 , and to an IR 4 bundle over S 3 . These manifolds develop isolated conical singularities 
corresponding, respectively, to cones on (DP 3 , SU(3)/U(1) x U(l), or S* 3 x S* 3 . 

Constructing additional complete metrics can be an important issue in improving our 
understanding of the strongly coupled infrared dynamics of Af = 1 supersymmetric gauge 
theories. For example, a new G 2 holonomy manifold with an asymptotically stabilized S* 1 
was recently found [51]. This solution is asymptotically locally conical (ALC) -near infinity 
it approaches a circle bundle with fibres of constant length over a six-dimensional cone-, as 
opposed to the asymptotically conical (AC) solutions found in [49, 50]. 

The role of gauged supergravity 

Salam-Sezgin eight dimensional gauged supergravity (see section 1.4.4) is an appropriate 
tool for obtaining a large family of G 2 holonomy metrics. Once again, the reason is that the 
natural framework to study D6-branes is an eight dimensional theory, where the D6's are 
domain walls. 

A ten dimensional configuration where D6-branes wrap a special Lagrangian three-cycle 
inside a Calabi-Yau three-fold uplifts to G 2 holonomy manifolds in eleven dimensions. This 
is deduced from supersymmetry and holonomy matching conditions [34]. We will consider an 
eight dimensional ansatz corresponding to D6-branes wrapping a cycle which is topologically 
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S 3 . When uplifting to M-theory, there is another S 3 , so the metrics obtained will have S 3 x S* 3 
principal orbits. Furthermore, they will have cohomogeneity one (corresponding to the radial 
direction). At small r, one of the spheres shrinks yielding the topology of an IR 4 bundle over 
S* 3 (so the solutions with the other topologies cannot be found by this procedure). 

All known metrics of this kind will be found below from gauged supergravity, as solutions 
of a single system of equations [9]. Actually, we will recover Hitchin's general system [52] 
from a different approach. The calibrating forms and Killing spinors are also computed. 

Notably, the set of solutions comprises the ALC ones, what proves what a powerful tool 
gauged sugra can be. That such metrics are obtained may seem surprising, as the archetypical 
ALC metric is Taub-NUT space, which corresponds to the eleven dimensional description 
of the full supergravity solution describing D6-branes in flat space. It was argued in [53] 
that D=8 gauged supergravity only accounts for the near-horizon physics of D6-branes, thus 
leading to the Eguchi-Hanson solution, in which there is no stabilized circle. 

Indeed, let us take the eight dimensional ansatz [54]: 



ds s = e s dx 1 g + dr 



(3.1.4) 



and excite one of the scalars in the coset, as in eq. (2.2.2). There is no gauge field in this 
case. By imposing the projection: 



r,Ti23 e — — e 



(3.1.5) 



the BPS eqs. coming from the vanishing of the fermion field susy variations (1.4.27) read: 

0' = ie^(e- 4A + 2e 2A ) , 



A' 



1 

- e 
6 



-4A 



e 2A ), 



(3.1.6) 



whereas if rj is a constant spinor satisfying r r fi 2 3^ = —r], one has e = earj. Changing the 
radial variable as dr = e^~ 2X dt, the BPS system can be easily solved: 



A 



log(e* + a 4 ) - t 







A + -t-log(16) 



(3.1.7) 



where we have appropriately defined the integration constants. Let us make another redef- 
inition of the radial variable: e* = p 4 — a 4 . Then, the eleven dimensional solution (1.4.22) 
reads ds^ = dx\ % + ds 2 EH and we find the (1/2-supersymmetric) Eguchi-Hanson metric (see, 
for example, [55]): 



ds 2 



EH 



1 a 



r.l\2 



[W 



+ (W 



r.2\2 



+ l-=7 



On the other hand, the ALC Ricci-flat Taub-NUT metric reads [55]: 



d? 2 

ab Taub-NUT 



1 r + m 
4 r — m 



dr 2 + -(r 2 



1 

4 1 



m 



[w 1 ) 2 + (w 2 ) 2 



+ m 



r — m 



r + m 



(w 3 ) 2 . (3.1.9) 



(3.1. 



There is also a multi-center version of this solution corresponding to parallel, but not coin- 
cident, D6-branes. 
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3.2 D6-brane wrapped on s 3 

For the sake of clarity, let us start by analyzing the case that corresponds to a D6-brane 
wrapping a three-cycle in such a way that the corresponding eight dimensional metric ds| 
contains a round three-sphere. The general, much more involved, ansatz (allowing anisotropy 
of the S* 3 ) will be addressed in section 3.3. Accordingly, we consider now the following metric: 



24> 



ds 2 8 = dx 2 13 + e 2h dnl + dr 2 , (3.2.1) 

where dx 2 3 = —(dx ) 2 + (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 , and h are functions of the radial 
coordinate r and dQ 2 is the metric of the unit S 3 . The factor on the unwrapped directions 
has been chosen as in (2.2.9) to have Minkowski space in those directions after uplifting. It is 
convenient to parametrize the three-sphere by means of a new set of left invariant one-forms 
w\ i = 1,2,3, of the SU(2) group manifold like the ones defined in (1.4.25). (The symbol 
w l will continue to denote the forms of the S 3 involved in the reduction from eleven to eight 
dimensions.) So we have: 

^3 = lEKf. (3.2.2) 

4 i=i 

In the configurations studied in the present section, apart from the metric, we will only 
need to excite the dilatonic scalar and the SU(2) gauge potential A 1 . As the scalars in 
the coset are trivial (A = in the notation of (2.2.2)), we get the following simple values for 
the tensors appearing in the Salam-Sezgin formalism: 



Tij 5{j , P{j , Qij 



/ -A 3 A 2 \ 

A 3 -A 1 

\-A 2 A 1 / 



(3.2.3) 



We will assume that the non-abelian gauge potential A 1 ^ has only non-vanishing compo- 
nents along the directions of the S 3 . Actually, we will adopt an ansatz in which this field, 
written as a one-form, is given by: 



{9-\)w\ (3.2.4) 



2 

with g being a function of the radial coordinate r. The field strength corresponding to the 
potential (3.2.4) is (the prime denotes derivative with respect to r): 

F l = g' dr A w l + I ( Ag 2 - 1 ) e ijk w° A w k . (3.2.5) 
8 

The eleven dimensional metric reads (1.4.22): 

ds 2 n = dx 2 13 + dr 2 + J e 2h -% w 2 + 4e^ (w* + (9~\) w ^ (3-2.6) 

This ansatz extends the one used in [43] to get a metric of G 2 holonomy by the inclusion of 
the function g. We will see that the key point for having g ^ is that a rotated projection 
similar to (2.2.26) is needed. 
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3.2.1 Super symmetry analysis 

In this section we will find a system of first-order equations by analyzing the supersymmetry 
transformations of the fermionic fields, along the lines of section 1.3.1. As we will verify 
soon, this approach will give us the hints we need to extend our analysis to metrics more 
general than the one written in eq. (3.2.1). 

In what follows, the Dirac matrices along the sphere S* 3 shall be denoted by {Ti, T 2 , r 3 }, 
while, as before, {ri,r 2 ,r 3 } will be the matrices along the SU(2) group manifold. 

The first-order BPS equations we are trying to find are obtained by requiring that 5xi = 
5ip\ = (1.4.27) for some Killing spinor e, which must satisfy some projection conditions. 
First of all, we need to impose that: 



r23 e — — T23 e , 



Ti 3 e = -r 13 e . 



(3.2.7) 



Notice that in eq. (3.2.7) the projections along the sphere S 3 and the SU(2) group manifold 
are related. Actually, only two of these equations are independent and, for example, the last 
one can be obtained from the first two. Moreover, it follows from (3.2.7) that: 



imv = r 2 r 2 e = r 3 r 3 e . 



(3.2.8) 



These projections are imposed by the ambient Calabi-Yau three-fold in which the three- 
cycle lives, from the conditions J ab e = T ab e, where J is the Kahler form. By using eqs. 
(3.2.7) and (3.2.8) to evaluate the right-hand side of (1.4.27), together with the ansatz for 
the metric, dilaton and gauge field, one gets some equations which give the radial derivative 
of 0, h and e. Actually, one arrives at the following equation for the radial derivative of the 
dilaton: 

3 



4>'e 



4 1 



-2h 



while the derivative of the function h is: 



r r r 123 e + 3e*-Vrir lC , 



(3.2.9) 



h'e = 2#e^ I\ f\ T r f\ 23 e - - [l2(l - Ag 



-2h 



+ e 



r r r 



123 e — 



b-h 



(3.2.10) 



Moreover, the radial dependence of the spinor e is determined by: 



d r e — — 
16 



4(1-V)e« 



-2h 



r r r 



123 e + 2 e ' 



4>-h 



g'T 1 T 1 e = . (3.2.11) 



In order to proceed further, we need to impose some additional condition to the spinor e. It 
is clear from the right-hand side of eqs. (3.2.9)-(3.2.11) that we must specify the action on e 
of the radial projector r r Ti 23 . The choice made in ref. [43] was to take g = and impose the 
condition r r Ti2 3 e = — e. It is immediate to verify that in this case the eqs. (3.2.9)-(3.2.11) 
reduce to those obtained in ref. [43] . Here we will not take any a priori particular value of 
Trl^e- Instead we will try to determine it in general from eqs. (3.2.9)-(3.2.11). Notice 
that in our approach g will not be constant and, therefore, we will have to find a differential 
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equation which determines it. It is clear from eq. (3.2.9) that our spinor e must satisfy a 
relation of the sort of (2.2.15): 



r r f 123 e = -(p + pr 1 f 1 )e, 



(3.2.12) 



where (5 and (3 are again functions of the radial coordinate r, which in this case can be easily 
extracted from eq. (3.2.9), namely: 



P 



8 



0' 



3 4(l-4# 2 )e<* 



-2h 



— e 



e 4>-h g i 



4(1 - Ag 2 ) e4>- 2h - e" 
As in the previous chapter, the consistency condition: 

(3 2 + P 2 = 1 , 



(3.2.13) 



(3.2.14) 



holds. This can be proved by noticing that (r r f 12 3) 2 e = e and that {T r . f 12 3, r\ f x} = 0. 
By using in eq. (3.2.14) the explicit values of (3 and (3 given in eq. (3.2.13), one gets: 



(00 



A2 



+ e^- 2h {g'f = i- 4(l-4^ 2 )e^ " < 



1 

64 



b-2h 



i 2 



(3.2.15) 



which relates the radial derivatives of <fi and g. Let us now consider the equation for h' 
written in eq. (3.2.10). By using the value of r r e given in eq. (3.2.12), and separating 
the terms with and without r\ T 1 e, we get two equations: 



ti = 2ge- h (3 + - 12(1 - Ag 2 ) e 



8 



2\ „<p-2h 



1 



2ge~ h (3 - - 12(1 - Ag 2 ) e^ 2 * 1 + (3 + g' = . (3.2.16) 
8 l ^ 

Moreover, by using in the latter the values of (3 and (3 given in eq. (3.2.13), we get the 
following relation between g' and <p': 



-,2h ±1 



9 = 



8g 

3 4(1 -Ag 2 )e 2 <t> + e 



2h 



(3.2.17) 



Plugging back this equation in the consistency condition (3.2.15), we can determine 0', g', (3 
and f3 in terms of 0, g and h. Moreover, by substituting these results on the first equation in 
(3.2.16), we get a first-order equation for h. In order to write these equations, let us define 
the function: 

K = Ma (l-2^) 2 e 2( t>+ e 2h ) (4(l + 2#) 2 e 2 ^+ e 2h ) . (3.2.18) 
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Then, the BPS equations are: 

3 e~ 2h -< 

<f) = 
ti = 



8 K 

„-2h-d> 



Ah 



16(l-Ag 2 ) 2 e^ 



9 = 



8K 

ge-* 

K 



e Ah + 16 (1 + Ag 2 ) e 2h+24 > + 48 (1 - Ag 2 ) 2 e 4<t > 



A(l-Ag 2 )e 



20 



J2h 



(3.2.19) 



Notice that g' = g = certainly solves the last of these equations and, in this case, the 
square root disappears from K and the first two equations in (3.2.19) reduce to the ones 
written in ref. [43]. Moreover, the system (3.2.19) is identical to that found in ref. [56] by 
means of the superpotential method (see section 3.2.4). The solutions of (3.2.19) have been 
obtained in ref. [56], and they depend on two parameters (see section 3.2.3). 

The radial projection can be interpreted as in section 2.2, where a similar expression was 
reached studying the conifold. We can parametrize (3 = cos a and (3 = sin a, as in (2.2.19), 
and by substituting the value of 0' and g' given by the first-order equations (3.2.19) into the 
definition of (3 and (3 (eq. (3.2.13)), one arrives at: 



tana 



8g 



(3.2.20) 



4(1 -Ag 2 ) e 2 * + e 2h ' 

Then, by using the representation (2.2.19), it is immediate to rewrite eq. (3.2.12) as: 

r r f 123 e = -e arifl e . (3.2.21) 
Since {r r r 12 3, r\ r\} = 0, eq. (3.2.21) can be solved as: 

e = e -5« r i f i 6q ; (3.2.22) 



where eo is a spinor satisfying the standard radial projection condition with a = 0, i.e.: 

r r f 123 e = -eo . (3.2.23) 

To determine completely e we must use eq. (3.2.11), which dictates the radial dependence 
of the Killing spinor. Actually, by using the first-order equations (3.2.19) one can compute 
d r a from eq. (3.2.20). The result is remarkably simple, namely: 

d r a = 6e+~ h gf . (3.2.24) 



By using eq. (3.2.22) in eq. (3.2.11), one consistently obtains (3.2.24) again. Furthermore, 
the typical radial dependence of eo in terms of the dilaton (2.2.28) is found. Thus, after 
collecting all results, it follows that e can be written as: 



e = es e 2 Qilil ^ 



(3.2.25) 
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The projections conditions satisfied by 77 are simply: 

r^r^ = 77 , r 23 f 23 7/ = 77 , r r fi 23 r/ = -77 . (3.2.26) 

In order to find out the meaning of the phase a, let us use (1.4.30) to write the radial 
projection (3.2.21) as: 

F x °-x 3 ( cosar 12 3 — sinaf 123 )e = e , (3.2.27) 

which is the projection corresponding to a D6-brane wrapped on a three-cycle, which is 
non-trivially embedded in the two three-spheres, with a measuring the contribution of each 
sphere. This equation must be understood as seen from the uplifted perspective. The case 
a = corresponds to the D6-brane wrapping a three-sphere that is fully contained in the 
eight-dimensional space-time where supergravity lives, and has been studied earlier [43]. 
Notice that a = n/2 is not a solution of the system. This is an important consistency 
check as this would mean that the D6-brane is not wrapping a three-cycle contained in 
the eight-dimensional space-time and the twisting would make no sense. However, solutions 
that asymptotically approach a = n/2 are possible. In the next subsection we will describe 
a quantity for which the rotation by the angle a plays an important role. 



3.2.2 The calibrating three-form 

Gh r en a solution of the BPS equations (3.2.19), one can get an eleven dimensional metric ds 2 ^ 
by means of the uplifting formula (1.4.22). The corresponding eleven dimensional manifold 
is a direct product of four dimensional Minkowski space and a seven dimensional manifold, 
i.e.: 

7 

ds 2 u = dx 2 13 + ds 2 7 = dx 2 13 + Yl ( eA ) 2 , (3.2.28) 

A=l 

where we have written ds 2 in terms of a basis of one- forms e A (A — 1, • ■ ■ , 7). It follows from 
(1.4.22) that this basis can be taken as: 

e l = \e h ~^w\ (7 = 1,2,3), 
e 3+ * = 2e^(^ + (g-±) w *), (i = 1,2,3), 

e 7 = e'sdr. (3.2.29) 

It is a well-known fact that a manifold of G 2 holonomy is endowed with a calibrating three- 
form $, which must be closed and co-closed (as stated in eq. (3.1.2)) with respect to the 
seven dimensional metric ds 2 . We shall denote by <Pabc the components of $ in the basis 
(3.2.29), namely: 

® = tIt <Pabc e A A e B A e c . (3.2.30) 
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The relation between $ and the Killing spinors of the metric is also well-known. Indeed, let 
e be the Killing spinor uplifted to eleven dimensions, which in terms of e is simply e = e~e e. 
Then, one has: 

4* abc = ie ] T ABC e. (3.2.31) 
By using the relation between e and the constant spinor 77, one can rewrite eq. (3.2.31) as: 

<Pabc = i e^ r ^T ABC e -^S . (3.2.32) 

Let us now denote by 4>a\c ^ ne above matrix element when a — 0, i.e.: 

Ac = iV^ABGV- (3-2.33) 

It is not difficult to obtain the non-zero matrix elements of (3.2.33). Recall that 77 is charac- 
terized as an eigenvector of the set of projection operators written in eq. (3.2.26). Thus, if O 
is an operator which anticommutes with any of these projectors, Orj and rj are eigenvectors of 
the projectors with different eigenvalues and, therefore, they are orthogonal (i.e. rfOi] = 0). 
Moreover, by using the projection conditions (3.2.26), one can relate the non- vanishing ma- 
trix elements to T123 rj. If we normalize i] such that i T123 rj — 1 and if i = i + 3 for 
i = 1,2, 3, one can easily prove that the non-zero 0^'s are: 

= djk , <t>% = -eijfc , </>7°] = &ij , (3.2.34) 

as in [57]. This form is like the one written in (3.1.1) after a relabelling of the indices. By 
expanding the exponential in (3.2.32) and using (3.2.34), it is straightforward to find the 
different components of $ for arbitrary a. Actually, one can write the result as: 

$ = e 7 A ( e 1 A e 4 + e 2 A e 5 + e 3 A e 6 ) + 

+ ( e 1 cos a + e 4 sin a ) A ( e 2 A e 3 — e 5 A e 6 ) + 

+ ( -e 1 sina + e 4 cosa) A ( e 3 A e 5 - e 2 A e 6 ) , (3.2.35) 

which shows that the effect on $ of introducing the phase a is just a (radial dependent) 
rotation in the (e 1 , e 4 ) plane (alternatively, the same expression can be written as a rotation 
in the (e 2 ,e 5 ) or (e 3 ,e 6 ) plane). As mentioned above, $ should be closed and co-closed: 

d$ = 0, rf* 7 $ = 0, (3.2.36) 

where *i denotes the Hodge dual in the seven dimensional metric. There is an immediate 
consequence of this fact which we shall now exploit. Let us denote by p and q the components 
of $ along the volume forms of the two three spheres, i.e.: 

$ = p w 1 a w 2 A w 3 + q w 1 A w 2 A w 3 + ■ ■ ■ . (3.2.37) 

From the condition rf$ = 0, it follows immediately that p and q must be constant. By 
plugging the explicit expression of the forms e A , given in eq. (3.2.29), on the right-hand side 
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of eq. (3.2.35), one easily gets p and q in terms of 0, h and g. Thus, the two constant of 
motion are: 



p 



e zh-<t> _ 12e h+<P (x -2gf] cosa - - (1 - 2#) [3e 2h - 4e 20 (1 - 2gf 



sin a , 



ana . 



(3.2.38) 



Notice that a = implies q = which is precisely the case studied in [43]. By explicit 
calculation one can check that p and q are constants as a consequence of the BPS equations. 
Actually, by using (3.2.19) one can show that, indeed, <£> is closed and co-closed as it should. 



3.2.3 Solving the equations 
The Bryant-Salamon metric 

As argued above, one can take consistently g = 0, going back to the analysis of [43]. In this 
case, the system of equations (3.2.19) gets drastically simplified: 



0' = -e 

y 8 



3 _^ 3 



- e Y 



-2h 



2 

Let us define a new function x and a new radial variable t: 



ti = I e-* + I e*~ 2h . (3.2.39) 



dt 

Then, eq. (2.3.4) is obtained again, and therefore: 



x = 12e 2(f, ~ 2h , — = . (3.2.40) 



x = ^—r , (3.2.41) 

1 + be 2 

that immediately leads to: 

e 2h = e \ (b + e5)5 , e 2< ^ = ^ (b + e*)"* . (3.2.42) 

The solution is better expressed by redefining the integration constant and the radial coor- 
dinate: 

b = ^ , e ! = 1 ( p 3 _ a 3) ) (3 2.43) 



18 ' 18 

in terms of which (3.2.42) reads: 
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Then, the eleven dimensional metric (3.2.6) can be written as ds\ x = dxf 3 + dsj where: 



This is the G 2 holonomy metric with IR 4 x S* 3 topology which was first obtained by Bryant 
and Salamon [49] (see also [50]). When p — > a, one of the three-spheres shrinks to a point 
while the other one remains finite, so a plays a role similar to the resolution or deformation 
parameters of the conifold. As in that case, it cures the curvature singularity at the origin. 

The general solution 

The general solution of the system (3.2.19) was worked out in ref. [56]. This system is harder 
to solve than (2.3.2) or (2.4.2), as no decoupled first order equation can be found. However, 
as will be shown next, a second order equation can be decoupled by proceeding cunningly. 
First of all, it is convenient to write the equation in terms of three new functions {y, z, ip}: 

V = 4e^ , z = i e 2h -^ , V = (2#r 1/2 , (3.2.46) 

and a new radial variable w defined as: 

— = 2e^K~ l . (3.2.47) 
dr 

The system (3.2.19) becomes: 

t = f(i-^ 4 ) 2 + Mi + *■-), 

d A = _^ (1 _^- ) + l*£ . (3.2.48) 

dw y 

Now, by differentiating the last equation and also making use of the first two, the desired 
decoupled equation is achieved: 

ft = 4^ _ 4^-3 . (3.2.49) 
dw 2 



The easiest way to integrate (3.2.49) is to notice that it can be regarded as an equation 

av 

'dtp 



describing a classical system with a potential given by — |y = Aip — Aip 3 . Then, conservation 



of energy reads \ {^) + V = const. This has separate variables and can be immediately 
integrated. Calling const = 8/ A for convenience, and denoting by m the other constant of 
integration, we get: 



e 4w = 8m 



i + jiJ 2 + iJ 4 + ij 2 + j 



(3.2.50) 
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As in [56], let us further redefine the radial variable: 

r = -e Aw 
8 

In (3.2.50), it is easy to find the value of ip, and therefore, of g: 

g = A mrF(r) -1 , 

where Y(t) has been defined to be: 

Y(t) = t 2 - 2mr + m 2 (1 - A 2 ) . (3.2.53) 

Knowing if), one can find z/y from the last equation of (3.2.48) and then it is not difficult to 
integrate the other equations: 

y = F(t)-*Y(t) , z = ^Fir^Yir)- 1 , (3.2.54) 

where: 

F(t) = 3r 4 - 8mr 3 + 6 m 2 (1 - A 2 ) r 2 - m 4 (1 - A 2 ) 2 . (3.2.55) 

The two constants of integration A, m play the same role as the constants of motion p, q 
found in section 3.2.2. In fact, they can be related by directly plugging the solution (3.2.52), 
(3.2.54) in the expressions (3.2.38), getting: 

q = -m\, p = ^m(l + \). (3.2.56) 

Now the eleven dimensional metric can be explicitly written. We have to insert (3.2.1) and 
(3.2.4) in the uplifting formula (1.4.22). The solution (3.2.52), (3.2.54) and the definitions 
(3.2.46), (3.2.47) are needed. Finally, by dropping the flat four dimensional Minkowski part 
of the metric, we arrive at the sought seven dimensional G 2 holonomy metric: 

ds 2 7 = F~*dT 2 + ^ F'iY- 1 (w 1 ) 2 + F~sY ^w* - (^ + yOu>^ ■ (3.2.57) 

The analysis of the metrics (3.2.57) has been carried out in ref. [56]. It turns out that only 
in three cases (p = 0, q = and p = —q) the metric (3.2.57) is non-singular. The first two 
cases are related by the so-called flop transformation, which is a 7L 2 action that exchanges 
w l and w\ while the p = —q case is flop invariant. It is interesting to point out that, as 
g — > when r — > oo, the gauge field (3.2.4) asymptotically approaches that used in [43] to 
perform the twisting. This agrees with the fact that the twisting just fixes the value of the 
gauge field at infinity (we have already seen an example in the previous chapter). 

Finally, let us make contact with the g = case. It is recovered from the above results by 
taking q = (A = 0), while p plays the role of the scale parameter a. In fact, by identifying 
this parameter as a 3 = 2A\^3p and introducing the radial variable p = \^3(3r + 2p)s, we 
obtain again the metric (3.2.45). 



(3.2.51) 



(3.2.52) 
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3.2.4 First order system from a superpotential 



In this section we are going to derive the first-order equations (3.2.19) by finding a superpo- 
tential for the effective lagrangian L e ff in eight dimensional supergravity. The first step in 
this approach is to obtain the form of L e ff for the ansatz given in eqs. (3.2.1) and (3.2.4). 
Actually, the expression of L e ff can be obtained by substituting (3.2.1) and (3.2.4) into the 
lagrangian given by eq. (1.4.20). Indeed, one can check that the equations of motion of eight 
dimensional supergravity can be derived from the following effective lagrangian: 



^+3h 



J eff 



e 3 



{h'f -\{<t>'? -^- 2h {g'f + ^J>'h' + 



+ e~ 2h + — e 
16 



2<p 



- (V - Ife 



2 „2<t>-4h 



(3.2.58) 



together with the zero-energy condition. Next, let us introduce a new set of functions: 

1 



2<A 

2e~ 



h- 2 

e s 



(3.2.59) 



and a new variable rj, defined as: 



dr 
drj 



4,t/> 

= e 3 



+ 3h 



The effective lagrangian in these new variables has the kinetic term 

(d v a)(dr,b) 



T 



ab 



The potential in L e ff is: 



V = 



a% 6 



2 \2 



(i - V ) 



326 4 



1 

2^2 



1 fl2 (X v 



1 

2fe2 



(3.2.60) 



(3.2.61) 



(3.2.62) 



The superpotential for T — V in the variables just introduced has been obtained in ref. [56], 
starting from eleven dimensional supergravity. So, we shall follow here the same steps as in 
ref. [56] and define a 1 = log a, a 2 = log b and a 3 = g. Then, the kinetic energy T can be 
rewritten as: 

^ 1 da 1 da^ .„ n „„. 

T = o9ij — — , (3-2.63) 



drj drj 



where gij is the matrix: 



9ij 



(2 
3 
V0 



3 
2 








(3.2.64) 



— -2- 



The superpotential W for this system must satisfy (1.3.5) where g 1 ^ is the inverse of g^ and 
V has been written in eq. (3.2.62). By using the values of g^ in (3.2.64), one can write 
explicitly the relation between V and W as: 



V 



'dW s 
da 



~db 



3 dW dW b 2 
ab — ^- H - 



da db 



a z 



'dvr 
, 9 9 , 



(3.2.65) 
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Moreover, it is not difficult to verify, following again ref . [56] , that W can be taken as: 

W = ^a 2 b^[a 2 (l-2g) 2 + 4b 2 ) (a 2 (l + 2#) 2 + 4b 2 ) . (3.2.66) 

The first-order equations associated to the superpotential W are (1.3.6). 

By substituting the expressions of W and on the right-hand side of eq. (1.3.6), and 
by writing the result in terms of the typical eight dimensional variables, one can check that 
the system (3.2.19) is reobtained. 

It is worth mentioning that the superpotentials with a square root are typical of systems 
whose supersymmetry is based on a projection of the kind (3.2.21). This is because, as we 
have seen, a square root typically appears in the equations of motion after working with a 
expression of the kind (3.2.15), which directly comes from (3.2.14). 



3.3 D6-brane wrapped on squashed S* 3 

In this section we are going to generalize the analysis performed in section 3.2 to a much 
more general situation, in which the eight dimensional metric takes the form: 

ds 2 8 = ^ dx 2 li3 + J e 2K ( w* f + dr 2 . (3.3.1) 

Once again, we have implemented the eT factor, which ensures that we are going to have 
a direct product of four dimensional Minkowski space and a seven dimensional manifold in 
the uplift to eleven dimensions. As in the previous case, we are going to switch on a SU (2) 
gauge field potential with components along the squashed S 3 . The ansatz we shall adopt for 
this potential is: 

A i = G l w i , (3.3.2) 

which depends on three functions G\, G 2 and G3. It should be understood that there is 
no sum on the right-hand side of eq. (3.3.2). Moreover, we shall excite coset scalars in the 
diagonal and, therefore, the corresponding L l a matrix will be taken as: 

V a = diag ( e Al , e Aa , e A3 ) , Ax + A 2 + A 3 = . (3.3.3) 

The matrices P^j and Q^j defined in eq. (1.4.17) are easily evaluated from eqs. (3.3.2) and 
(3.3.3). Written as differential forms, they are: 

/ d\i -A 3 e X21 A 2 e x ' A1 \ 



P%j ~\~ Qij 



A 3 e Xl2 d\ 2 -A 1 e X32 

\-A 2 e x ^ A 1 e Xxs d\ 3 J 



(3.3.4) 



where A^- = Aj — Xj and P^ (Qij) is the symmetric (antisymmetric) part of the matrix 
appearing on the right-hand side of (3.3.4). Notice that our present ansatz depends on nine 
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functions, since there are only two independent Aj's (see eq. (3.3.3)). On the other hand, it 
would be convenient in what follows to define the following combinations of these functions: 



Mi 



e *+Ai-ft2-fts( Gl + Q 2 g 3 ) , 



M 2 = e^~ h ^ ( G 2 + G 1 G 3 ) , 



M 3 = e <t>+^-hi-h 2 ( G 3 + G 1 G 2 ) 



(3.3.5) 



3.3.1 Supersymmetry analysis 

With the setup just described, and the experience acquired in section 3.2.1, we will now face 
the problem of finding supersymmetric configurations for this more general ansatz. Notice 
that, using this method, it is quite straightforward (although rather lengthy) to obtain the 
system of first order equations and constraints that gives the most general supersymmetric 
configurations. On the contrary, it seems very hard to achieve the same results from the 
superpotential method. 

As before, we must guarantee that 5xi = 5ip\ = for some spinor e. We begin by 
imposing again the angular projection condition (3.2.7). Then, the equation 5xi = yields: 



2 Al + 3 



e* +Xl - hl GiTifie - 2\m x 



1 

16 



~4> 



e 2Al - e 2X ' 2 - e 2X:i 



) r r fi 23 e - 



e- h2 G 2 sinh A 13 + e~ h3 G 3 sinh A 12 1 ! r r f 123 e , 



(3.3.6) 



and, obviously, 6x2 = $X3 — & ve T ^ se to other two similar equations which are obtained by 
permutation of the indices (1,2,3) in eq. (3.3.6). Adding these three equations and using 
eq. (3.2.8) and the fact that Ai + A 2 + A 3 = 0, we get the following equation for 0': 



-hi 



G[ + e X2 - h2 G' 2 + e X3 - hi G' 3 ]r 1 r 1 e 



-2 



Mi + M 2 + M 3 + — e 
16 



123 e 



(3.3.7) 



It can be checked that this same equation is obtained from the variation of the gravitino 
components along the unwrapped directions. Moreover, it follows from eq. (3.3.7) that 
Tr Ti23 e has the same structure as in eq. (3.2.12), where now (5 and (3 are given by: 



P 



16 ( Mi + M 2 + M 3 ) + e"* ( e 2A i + e 2X * + e 2X * ) ' 



~ 8e*(e x ^G[ + G' 2 + e x ^ G' 3 ) 

P ~ 16 ( M 1 + M 2 + M 3 ) + e~<t> ( e 2A i + e 2 ^ + e 2X * ) ' 1 ' ' ' 

It is also immediate to see that in the present case (3 and (3 must also satisfy the constraint 
(3.2.14). Thus, in this case we are going to have the same type of radial projection as in the 
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round metric of section 3.2. Actually, we shall obtain a set of first-order differential equations 
in terms of (3 and (3 and then we shall find some consistency conditions which, in particular, 
allow to determine the values of f3 and (3. From this point of view it is straightforward to 
write the equation for <f>'. Indeed, from the definition of (3 (eq. (3.3.8)), one has: 



0' = [2 ( M 1 + M 2 + M 3 ) + - e-* ( e 2Al + e 2Aa + e 2Xs ) 1 (3 . 

8 J 



(3.3.9) 



In order to obtain the equation for A^ and G'^ let us consider again the equation derived from 
the condition 5\i = (eq. (3.3.6)). Plugging the projection condition on the right-hand 
side of eq. (3.3.6), using the value of <p' displayed in eq. (3.3.9), and considering the terms 
without riTi, one gets the equation for A' 1; namely: 



a; 



1 

8 



2Mi - M 2 - M 3 - - e _<? ( 2e 2Al - e 2Aa - e lx ' A ) (3 



-2 



e _ha G 2 sinh A i3 + e~ h3 G 3 sinh A 



12 



P 



(3.3.10) 



while the terms with T 1 f 1 of eq. (3.3.6) yield the equation for G[: 



> + Xi—hi rii 



1 



G\ = - 2Mi + - e-* ( e 2Al 
l 8 



2A., ( 2A, _ e 2A 3) p 



e- h2 G 2 sinh A, 3 + e~ H G 3 sinh A 



12 



(3. 



(3.3.11) 



By cyclic permutation of the indices in eqs. (3.3.10) and (3.3.11), one obtains the first-order 
differential equations of A^ and G' i for i — 2, 3. 

It remains to obtain the equation for h^. With this purpose let us consider the super- 
symmetric variation of the gravitino components along the sphere. One gets: 



5e 



Ai— hi ril 



G\ - e A2 ^ 2 G' 2 - e X3 ~ h3 G' 3 



rir ie 



2 (Mi - 5M 2 - 5M 3 ) + £ ( e 2Al + e 2Aa + e IXz ) 



3 2A 3 



r r rio 3 e — 



e hi+h2+h,3 



- 2e~ hl G 1 coshA 23 rilMVIW , 



(3.3.12) 



and two other equations obtained by cyclic permutation. By considering the terms without 
F 1 Ti in eq. (3.3.12) we get the desired first-order equation for h[, namely: 



2 (Mi - 5M 2 - 5M 3 ) + - e'* ( e 2Al + e 2Aa + e 2Aa ) 1 (3 - 

8 J 



g/ll+/l2+/l3 



- 2e~ hl G 1 coshA 23 l (3 . 



(3.3.13) 
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On the other hand, the terms with Ti T 1 of eq. (3.3.12) give rise to new equations for the 
GJ's: 

5e Al_ftl Gi - e X2 - h2 G' 2 - e X3 ~ h3 G' 3 



2 (Mi - 5M 2 - 5M 3 ) + 1 e -0 ( e 2Al + e 2Aa + e 2Xa )] P + 

8 J 



+ 3 



g2/ii g 2ft 2 e 2 ^ 3 



2e _hl d cosh A 23 P . 



(3.3.14) 



This equation (and the other two obtained by cyclic permutation) must be compatible with 
the equation for G\ written in eq. (3.3.11). Actually, by substituting in eq. (3.3.14) the 
value of G\ given by eq. (3.3.11), and by combining appropriately the equations so obtained, 
we arrive at three algebraic relations of the type: 



- BiP = , 



(3.3.15) 



where Ai and B\ are given by: 



A 1 



Jii — h,2 — hz _|_ g^i — A3 — h'2 



G 2 + e 



Ai — A2 — /13 



G 3 , 



B 1 = -AM 1 + - e^ +2Al , 



(3.3.16) 



while the values of Ai and £>j for % — 2,3 are obtained from (3.3.16) by cyclic permutation. 
Notice that the above relations do not involve derivatives of the fields and, in particular, 
they allow to obtain the values of (3 and (3. Indeed, by using the constraint (3 2 + (3 2 = 1, 
and eq. (3.3.15) for % — 1, we get: 

Bi ~ n Ai 



P 



Ai + B\ 



P 



Aj + Bj 



(3.3.17) 



Moreover, it is clear from (3.3.15) that the AiS and £>j's must satisfy the following consistency 
conditions: 

A t B j =A j B i , (i^j). (3.3.18) 

Eq. (3.3.18) gives two independent algebraic constraints that the functions of our generic 
ansatz must satisfy if we demand it to be a supersymmetric solution. Notice that these 
constraints are trivially satisfied in the round case of section 3.2. On the other hand, if we 
adopt the radial projection of refs. [43, 58], i.e. when P — 1 and P — 0, they imply that 
Ai = (see eq. (3.3.15)), this leading precisely to the values of the SU{2) gauge potential 
used in those references. Moreover, by using eq. (3.3.15), the differential equation satisfied 
by the GVs can be simplified. One gets: 

1 



) + \i—h\ 



-h^ — hz _|_ gA3— Ai 



-h 2 



G 2 + e 



A2— Ai 



- h3 G, 



P ~ 



e 2\ 2 + e 2A 3 



P, 



(3.3.19) 
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and similar expressions for G 2 and G 3 . 

Let us now parametrize (3 and (3 in the usual way (2.2.19), i.e. (3 = cos a, (3 = sin a. 
Then, it follows from eq. (3.3.17) that one has: 

Notice that by taking a — 0, eq. (3.3.19) precisely leads to the expression for the gauge 
field in terms of scalar fields used in [58] to perform the twisting. Moreover, the radial 
projection condition can be written as in eq. (3.2.21) and, thus, the natural solution to the 
Killing spinor equations is just the one written in eq. (3.2.25), where rj is a constant spinor 
satisfying the conditions (3.2.26). To check that this is the case, one can plug the expression 
of e given in eq. (3.2.25) in the equation arising from the supersymmetric variation of the 
radial component of the gravitino. It turns out that this equation is satisfied provided a 
satisfies the equation: 

d r a = - [4 (Mi + M 2 + M 3 ) + i e -*(e 2Al + e 2Aa + e 2Aa ) ] sin a . (3.3.21) 

In general, this equation for a does not follow from the first-order equations and the algebraic 
constraints we have found. Actually, by using the value of a given in eq. (3.3.20) and the 
first-order equations to evaluate the left-hand side of eq. (3.3.21), we could derive a third 
algebraic constraint. However, this new constraint is rather complicated. Happily, we will 
not need to do this explicitly since eq. (3.3.21) will serve to our purposes. 

It is worth pointing out that a seven dimensional manifold has holonomy contained in 
G 2 if the spin connection on the seven manifold is self-dual: oj ab = \ip a bcd^ cd , where ip a bcd 
is the dual of the structure constants ijj a b c of the octonions [57] (see section 7.3). It can be 
checked [59] that the differential equations and constraints just found can also be obtained 
by imposing this condition on a rotated frame. The calculation is similar to the one that 
will be showed in section 7.3 for Spin(7) holonomy manifolds. 

3.3.2 The calibrating three-form 

In order to find the calibrating three-form <3> in this case, let us take the following vielbein 
basis: 

e* = \e h ^w\ (< = 1,2,3), 
e 3+i = 2e^ +A < {w l + G t w l ), {i = 1,2,3), 

e 7 = e ~3 dr , (3.3.22) 

which is the natural one for the uplifted metric. The different components of $ can be 
computed by using eq. (3.2.30) and it is obvious from the form of the projection that the 
result is just the one given in eq. (3.2.35), where now a is given by eq. (3.3.20) and the 
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one-forms e A are the ones written in eq. (3.3.22). If, as in eq. (3.2.37), p and q denote the 
components of <£> along the two three spheres, it follows from the closure of $ that p and 
q should be constants of motion. By plugging the expressions of the e s, taken from eq. 
(3.3.22), on the right-hand side of eq. (3.2.35), one can find the explicit expressions of p and 
q. The result is: 
1 
8 



p 



h 1 +h 2 +h 3 -4> 



16e^ 



,hi -Ai 



1 G 2 G Z + e fta - A2 GiG 3 + e^-^dG 



hz—Xzi 



COS OL + 



+ 



e h 2 +h 3+ x lGi + e hi+h,+\2Q 2 + e fti+ft 2 +A SG r 3 _ I6e 2< ^ GlG 2 G 3 



sin ct 



g = -8e 2< ^sina . (3.3.23) 

It is a simple exercise to verify that, when restricted to the round case studied above, 
the expressions of p and q given in eq. (3.3.23) coincide with those written in eq. (3.2.38). 
Moreover, the proof of the constancy of p and q can be performed by combining appropriately 
the first-order equations and the constraints. Actually, by using eq. (3.3.9) to compute the 
radial derivative of q in eq. (3.3.23), it follows that the condition d r q = is equivalent to eq. 
(3.3.21). Although the proof of d r p = is much more involved, one can demonstrate that p 
is indeed constant by using the BPS equations and the constraints (3.3.18) and (3.3.21). 



3.4 The Hitchin system 

A simple counting argument can be used to determine the number of independent functions 
left out by the constraints. Indeed, we have already mentioned that our ansatz depends 
on nine functions. However, we have found two constraints in eq. (3.3.18) and one extra 
condition which fixes d r a in eq. (3.3.21). It is thus natural to think that the number of 
independent functions is six and, thus, in principle, one should be able to express the metric 
and the BPS equations in terms of them. By looking at the complicated form of the first- 
order equations and constraints one could be tempted to think that this is a hopeless task. 
However, we will show that this is not the case and that there exists a set of variables, which 
are precisely those introduced by Hitchin in ref. [52], in which the BPS equations drastically 
simplify. These equations involve the constants p and q just discussed, together with the 
components of the calibrating three-form $. Actually, following refs. [52, 60, 61], we shall 
parametrize $ as: 

$ = e 7 A u {2) + p (3 ) , (3.4.1) 
where the two-form up) is given in terms of three functions j/j as: 



/ 2/22/3 1 . ~1 2/32/1 2 a ~2 2/12/2 3 a ~ 3 fa A o^ 

U(2) — \ w ^ w + J w Aw + a w Aw , (3.4.2) 

V 2/i \l V2 V 2/3 

and p( 3 ) is a three-form which depends on another set of three functions x iy namely: 

P(3) = pw 1 Aw 2 Aw 3 + qw 1 Aw 2 Aw 3 + 

+ xt ( w 1 A w 2 A w 3 - w 2 A w 3 A w 1 ) + cyclic . (3.4.3) 
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Notice that the terms appearing in up) are precisely those which follow from our expression 
(3.2.35) for $. Moreover, by plugging on the right-hand side of eq. (3.2.35) the relation 
(3.3.22) between the one-forms e A and the SU(2) left invariant forms, one can find the 
explicit relation between the new and old variables, namely: 

yi c j 

X! = -2[e 0+?il - Al cos a + 4e 20 Gisina] , (3.4.4) 

and cyclically in (1, 2, 3). Notice that the coefficients of w 1 Aw 2 Aw 3 and of — w 2 Aw 3 Aw 1 in the 
expression (3.4.3) of p( 3 ) must be necessarily equal if $ is closed. Actually, by computing the 
latter in our formalism, we get an alternative expression for the x^s. This other expression 
is: 

Xl = 2 [ e h3 - X3 G 2 + e h2 - X2 G 3 } cos a + 

+ [ 8 e 2<t> G 2 G 3 - \ e Xl+h2+h3 } sin a , (3.4.5) 

and cyclically in (1, 2, 3). As a matter of fact, these two alternative expressions for the x^s 
are equal as a consequence of the constraints (3.3.15). In fact, we can regard eqs. (3.3.15) 
and (3.3.21) as conditions needed to ensure the closure of $. On the other hand, by using, 
at our convenience, eqs. (3.4.4) and (3.4.5), one can prove the following useful relations: 

^3 ~ PXl = l e 2/H-f + 4e f+2A 1 G 2 

yi 4 ' 1 ' 

„2 J2 J2 



X l - X 2 - X 3 - PQ = g e M +2 A! 



yi 



X2X3 + qXl = 4ef+ 2 ^ , (3.4.6) 
Vi 

and cyclically in (1,2,3). As a first application of eq. (3.4.6), let us point out that, making 
use of this equation, one can easily invert the relation (3.4.4). The result is: 



e 20 



e 2A! 



I (qxi + x 2 x 3 ) 1 / 2 (qx 2 + x 1 x 3 ) l/2 (qx 3 + x^f 12 
(2/22/3) 1/3 (qxi + x 2 x 3 ) 2/3 



e 2hl = 2 



(yi) 2/3 (qx 2 + Xix 3 ) l / 3 (qx 3 + Xix^ 1 / 3 

(g/22/3) 5/6 {qx 2 + x 1 x 3 ) l/% (qx 3 + XiX 2 ) l,Q 
(yi) 1/6 (qxi + x 2 x 3 ) 5 / 6 
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r 1 



Ob q 



pq 



qx 1 + x 2 x 3 



(3.4.7) 



and cyclically in (1,2,3). Moreover, in order to make contact with the formalism of refs. 
[52, 61], let us define now the following "potential": 



U 



2 2 

V 1 



2pq (x\ + x\ + x\ ) + 4(p - g) XiX 2 x 3 + 



_i_ ^.4 _|_ 4 _|_ 4 _ n 2 2 _ 9™^™^ _ O^r* 
^ 1 ^2 3 £iju-^ju 2 2 3 z.^^.^^ 

A straightforward calculation shows that U can be rewritten as 



2„2 



(3.4.8) 



U 



{x\ 



Xn 



pqf 



[ x 2 x 3 + qxi ) ( x 2 a;3 - P%i ) + 



+ cyclic permutations 



(3.4.9) 



By using (3.4.6) to evaluate the right-hand side of eq. (3.4.9), together with the definition 
of the i/j's written in eq. (3.4.4), one easily verifies that U is given by: 



U 



(3.4.10) 



It is important to stress the fact that in the general Hitchin formalism the relation (3.4.10) is 
a constraint, whereas here this equation is just an identity which follows from the definitions 
of p, q, Xi and yi. Another important consequence of the identities (3.4.6) is the form of the 
metric in the new variables. Indeed, it is immediate from eqs. (3.3.22) and (3.4.6) to see 
that the seven dimensional metric dsj takes the form: 

ds 2 7 = dt 2 + 



1 

+ — 

yi 



+ 



1 r 

2/2 

1 

+ — 

2/3 



( - pxi ) {w 1 ) 2 + ( x\ - x\ - x\ - pq ) w l w l + ( 0:2X3 + qxi ) (w 1 ) 2 
( x 3 Xt - px 2 ) (w 2 ) 2 + ( x\ - xl - x\ - pq ) w 2 w 2 + ( x 3 xi + qx 2 ) (w 2 ) 2 
( xix 2 - px 3 ) (w 3 ) 2 + (x\ — x\ — x\ — pq) w 3 w 3 + ( x\x 2 + qx 3 ) (w 3 ) 2 



+ 



+ 



(3.4.11) 



where dt 2 = e~ 2<t> ^ dr 2 . 

It remains to determine the first-order system of differential equations satisfied by the 
new variables. First of all, recall that, in the old variables, the BPS equations depend on the 
phase a. Actually, from the expression of q (eq. (3.3.23)), and the first equation in (3.4.7), 
one can easily determine sin a, whereas cos a can be obtained from the second equation in 
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(3.4.4). The result is: 

sina _ \/vwm 

(qxi + x 2 x 3 ) l/2 {qx 2 + x 1 x 3 ) 1 / 2 (qx 3 + XiX 2 ) 1/2 



2 Xl x 2 x 3 + q (x\ + x\ + x\ ) + pq 2 fa a m\ 

C ° 3a = - 2(, Xl + X2X ^ X2 + XlX3y/ i {qX3 + XlX .^ ' < 3 ' 4 ' 12 > 

As a check of eq. (3.4.12) one can easily verify that sin 2 a + cos 2 a = 1 as a consequence 
of the relation (3.4.10). It is now straightforward to compute the derivatives of Xi and yj. 
Indeed, one can differentiate eq. (3.4.4) and use eqs. (3.3.9), (3.3.10), (3.3.13), (3.3.19) and 
(3.3.21) to evaluate the result in the old variables. This result can be converted back to the 
new variables by means of eqs. (3.4.7) and (3.4.12). The final result of these calculations is 
remarkably simple, namely: 



Xi 



yi 



pgx x + (p - q)x 2 x 3 + Xijxj - x\ - aj) 
2/1 — , j 16) 

and cyclically in (1,2,3). In eq. (3.4.13) the dot denotes derivative with respect to the 
variable t defined after eq. (3.4.11). The first-order system (3.4.13) is, with our notations, 
the one derived in refs. [52, 61]. Indeed, one can show that the equations satisfied by the 
Xj's are a consequence of the condition rf$ = 0, whereas, if the seven dimensional Hodge 
dual is computed with the metric (3.4.11), then d * 7 $ = implies the first-order equations 
for the i/iS. Therefore, we have shown that eight dimensional gauged supergravity provides 
an explicit realization of the Hitchin formalism for general values of the constants p and q. 
Notice that a non-zero phase a is needed in order to get a system with q ^ 0. Recall (see eq. 
(3.2.27)) that the phase a parametrizes the tilting of the three-cycle on which the D6-brane 
is wrapped with respect to the three sphere of the eight dimensional metric. Notice that the 
analysis of [58] corresponds to the case q = a = 0. 

Let us finally point out that the first-order equations (3.4.13) are invariant if we change 
the constants (p,q) by (—q,—p). In the metric (3.4.11) this change is equivalent to the 
exchange of w l and w l , i.e. of the two S 3 of the principal orbits of the cohomogeneity one 
metric (3.4.11). As mentioned above, this is the so-called flop transformation. Thus, we 
have proved that: 

w % <-> w l <^=^ (p, q) (-5, —p) . (3.4.14) 

Notice that the three-form $ given in eqs. (3.4.1)-(3.4.3) changes its sign when both (w\ w l ) 
and (p,q) are transformed as in eq. (3.4.14). 
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3.5 Some particular cases 

With the kind of ansatz we are adopting for the eight-dimensional solutions, the correspond- 
ing eleven dimensional metrics are of the type: 

ds 2 n = dx 2 13 + B 2 (w*) 2 + D 2 ( w l + Gtw 1 ) 2 + dt 2 , (3.5.1) 

where the coefficients B,^ Di and the variable t are related to eight dimensional quantities 
as follows: 

B 2 = ie 2 ^-f , D 2 = 4eT +2A - , dt 2 = dr 2 . (3.5.2) 

Moreover, we have found that, for a supersymmetric solution, the nine functions appearing 
in the metric are not independent but rather they are related by some algebraic constraints 
which are, in general, quite complicated. Notice that, in this case, the gauged supergravity 
approach forces the six function ansatz, this possibly clarifying the reasons behind this a 
priori requirement in previous cases in the literature. To illustrate this point, let us write 
eq. (3.3.18) in terms of B { , Di and Gi. One gets: 

[B 1 D 2 2 D 1 G 2 - (1<-2)]£>*(1 - G\) = 



= B 3 D 2 [B 1 B 3 D 1 D 2 G 2 + D\ D 2 D 3 G\ + B 2 D 2 D 3 ] - (l<->2) , (3.5.3) 

and cyclically in (1,2,3). In addition, we must ensure that eq. (3.3.21) is also satisfied. 
Despite the terrifying aspect of eq. (3.5.3), it is not hard to find expressions for, say, G 2 and 
G 3 in terms of the remaining functions. Moreover, we will be able to find some particular 
solutions, which correspond to the different cohomogeneity one metrics with S 3 x S 3 principal 
orbits and SU (2) x SU (2) isometry which have been studied in the literature. 



3.5.1 The q = solution 

The simplest way of solving the constraints imposed by supersymmetry is by taking q — 0, 
which leads to the case studied in [58]. A glance at the second equation in (3.3.23) reveals 
that in this case sin a = and, thus, (3 — 1, (3 — 0. Notice, first of all, that this is a consistent 
solution of eq. (3.3.21). Moreover, it follows from eq. (3.3.15) that one must have: 

A = . (3.5.4) 

By combining the three conditions (3.5.4) it is easy to find the values of the gauge field 
components Gi in terms of the other functions Bi and Di [58]. One gets: 

1 D 2 D 3 r f B^2 ( B 2 ^2 /B 3 \2i , 

and cyclically in (1,2,3), which is precisely the result of [58]. This is the solution of the 
constraints we were looking for. One can check that, assuming that the GVs are given by eq. 
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(3.5.5), then eq. (3.3.19) for G- is satisfied if eqs. (3.3.9), (3.3.10) and (3.3.13) hold. Thus, 
eq. (3.5.5) certainly gives a consistent truncation of the first-order differential equations. On 
the other hand, by using the value of the Gj's given in eq. (3.5.5), one can eliminate them 
and obtain a system of first-order equations for the remaining functions Bi and Di. These 
equations are: 

Bi = -^(G 2 + GiGs)-^(Gs + GiG 2 ), 

Di = ^^( G i + G ^3) + ^^(^ 2 2 + ^3 2 -^), (3-5.6) 

together with the other permutations of the indices (1,2,3). In (3.5.6) the GVs are the 
functions of Bi and Di displayed in eq. (3.5.5). The constant p can be immediately obtained 
from (3.3.23), namely: 

p = B X B 2 B 3 - B 1 D 2 D 3 G 2 G 3 - £ 2 Z>iD 3 GiG 3 - B 3 D X D 2 G X G 2 . (3.5.7) 

Let us now give the Hitchin variables in this case. By taking a = on the right-hand 
side of (3.4.4) and using the relation (3.5.2), one readily arrives at: 

Xl = -B 1 D 2 D 3 , yi = B 2 B 3 D 2 D 3 . (3.5.8) 



The values of the other Xi and are obtained by cyclic permutation. As a verification of 
these expressions, it is not difficult to demonstrate, by using eq. (3.5.6), that the functions Xi 
and yi of eq. (3.5.8) satisfy the first-order equations (3.4.13) for q — 0. Finally, let us point 
out that, by means of a flop transformation, one can pass from the q = metric described 
above to a metric with p — 0. 



3.5.2 The flop invariant solution 

It is also possible to solve our constraints by requiring that the metric be invariant under 
the 7L 2 flop transformation w l <-> w l . It follows from eq. (3.4.14) that, in this case, we must 
necessarily have p = —q. Moreover, it is also clear that the forms w l and w 1 must enter 
the metric in the combinations (w l — w 1 ) 2 and (w l + w 1 ) 2 , which are the only quadratic 
combinations which are invariant under the flop transformation. Thus the metric we are 
seeking must be of the type: 

ds 2 n = dx\ 3 + a 2 (w i - w 1 ) 2 + b 2 (w i + w 1 ) 2 + dt 2 , (3.5.9) 

where and bi are functions which obey some system of first-order differential equations to 
be determined. In general [56], a metric of the type written in eq. (3.5.1) can be put in the 
form (3.5.9) only if Gj, Bi and Di satisfy the following relation: 



(3.5.10) 
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It is easy to show that our constraints are solved for Gi given as in eq. (3.5.10). Indeed, 
after some calculations, one can rewrite the constraint (3.3.18) for i — 1 and j — 2 as: 



^1 L e -2</»+2/i 1 -2A 1 - G\^j e~ 2Xi - (l — e - 2 ^+ 2/l 2-2A 2 _ ^2 g -2A 3 + 

+ (l - _L e -20+2/ l3 -2A 3 _ G 2^ [G 2e hi~h: i+ \ 2 _ ^ gfc-hs+Al j = Q ? (3.5.11) 

which is clearly solved for: 

G 2 = 1 - -e-* 2t '- 2A ' . (3.5.12) 
16 

Similarly, one can verify that eq. (3.5.12) also solves eq. (3.3.18) for the remaining values 
of % and j. After taking into account the identifications (3.5.2), we easily conclude that 
the solution (3.5.12) coincides with the condition (3.5.10) and, thus, it corresponds to 2Z 2 
invariant metric of the type (3.5.9). Moreover, it can be checked that the relation (3.5.12) 
gives a consistent truncation of the first-order differential equations found in section 3.3.1 
and that eq. (3.3.21) is also satisfied. On the other hand, the identification of the a« and 
hi functions with the ones corresponding to 8d gauged supergravity is easily established by 
comparing the uplifted metric with (3.5.9), namely: 

i. 

dr = es dt , 
e 2 hi -% = i 6 

af + br 

e*™ = \(a 2 + b 2 ). (3.5.13) 
This relation allows to obtain 0, \ and hi in terms of <2j and bf. 

e 2 * = lm^ + b 2 )K 



e 2A t 



a 2 + b 2 



e 



2K = 8^,n(«? + ^, (3.5.14) 



while Gi in terms of the a« and bi is given by: 



b 2 - a 2 

G, = ^ . (3.5.15) 

The inverse relation is also useful: 

a 2 = 2ef + 2X > (1 - d) , b 2 = 2e^ + 2A < (1 + d) , (3.5.16) 
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where is the function of 0, hi and A, written in eq. (3.5.12). By using eqs. (3.5.14) and 
(3.5.15) one can obtain the values of cos a and sin a for this case. One gets: 

610203 + aib 2 a 3 + 010263 — 616263 



cos a = 



V / (a? + 6f)(ai + 6|)(aI + 6|) 



ai6 2 6 3 + 6ia 2 6 3 + 6i6 2 a 3 - 010203 
sin a = — ; . (3.5.17) 

"a 2 + b 2 )(a 2 + b 2 )(a 2 + b 2 ) 



Moreover, by differentiating eq. (3.5.16) and using the first-order equations of section 3.3.1, 
together with eqs. (3.5.14) and (3.5.17), one can find the BPS equations in the Oj and 6; 
variables. They are: 

^ _ _oj a|_ | a-2 | 6 2 | a 3 | 63 

40263 40362 46 3 4a3 462 4a2 ' 

6 = - + — + — — + — (3 5 18) 

1 4a 2 a 3 46 2 6 3 46 3 4a 3 46 2 4a 2 ' 

and cyclically for the other a^'s and 6j's. These are precisely the equations found in ref. 
[51] for this type of metrics, where it was proved that some solutions of this system yield 
ALC metrics. Moreover, it is now straightforward to compute the constants p and q in this 
case. Indeed, by substituting eqs. (3.5.14), (3.5.15) and (3.5.17) on the right-hand side of 
eq. (3.3.23), one easily proves that: 

p = -q = oi6 2 6 3 + 6ia 2 6 3 + 6i6 2 a 3 - aia 2 a 3 . (3.5.19) 

Similarly, from eq. (3.4.4) one can find the Hitchin variables in terms of the Oj's and 6j's. 
The result for x\ and y\ is: 

xi = ai6 2 6 3 — 6ia 2 6 3 — 616203 — 010203 , 

Vi = ^a 2 a 3 b 2 b 3 , (3.5.20) 
while the expressions of x 2 , x 3 , y 2 and y 3 are obtained from (3.5.20) by cyclic permutations. 

3.5.3 The conifold unification metrics 

There exists a class of G 2 metrics with S 3 x S* 3 principal orbits which have an extra U(l) 
isometry and generic values of p and q. They are the so-called conifold-unification metrics 
and they were introduced in ref. [62] as a unification, via M-theory, of the deformed and 
resolved conifolds 2 . Following ref. [62], let us parametrize them as: 

ds 2 7 = a 2 [(w l + Qw 1 ) 2 + (w 2 + Qw 2 ) 2 } + b 2 [(w l - Qw 1 ) 2 + (w 2 - Qw 2 ) 2 ] + 

2 Notice the difference between the kind of conifold unification described in chapter 2 and the one presented 
here. In the former, the approach leads to a system of equations and several solutions of it are the distinct 
conifold metrics in eleven dimensions. In the latter, the non-trivial part of the eleven dimensional metric 
describes a G2 holonomy manifold and different U(l) compactifications of it lead to resolved and deformed 
conifold-likc metrics in ten dimensions. 
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+ c 2 ( ^3 _ w 3 } 2 + f2 ( ^3 + ^3 f + rff2 

It is clear that, in order to obtain in our eight-dimensional supergravity approach a metric 
such as the one written in eq. (3.5.21), one must take h\ = h 2 , Xi = A2 = — A3/2 = A 
and G\ = G2 in our general formalism. Then, it is an easy exercise to find the gauged 
supergravity variables in terms of the functions appearing in the ansatz (3.5.21). One has: 

' 1 > 2 + 6 2 )M/ 2 + c 2 )^, 



2^2 

e x = (a 2 + b z Y (f + c z 

e hl = 2v / 2ao£(a 2 + b 2 )^ (f + c 2 )^ , 

e h3 = V2fc(l + G 3 )(a 2 + b 2 Y (f + c 2 )'^ , 
o 2 -6 2 



g x = q 



a 2 + b 2 ' 



G 3 = ^/ . (3.5.22) 

With the parametrization given above, it is not difficult to solve the constraints (3.3.18). 
Actually, one of these constraints is trivial, while the other allows to obtain Q 3 in terms of 
the other variables, namely: 

G C 2 1 c(a 2 -b 2 )(i-g 2 ) 

Qs = G + ^ • (3.5.23) 

The relation (3.5.23), with a — > —a, is precisely the one obtained in ref. [62]. One can also 
prove that eq. (3.5.23) solves eq. (3.3.21). Actually, the phase a in this case is: 

2abc + (b 2 - a 2 ) f 2abf + (a 2 - b 2 ) c 

C ° Sa = (a 2 + b 2 Wc 2 + f 2 ' ^ = (a 2 + b 2 Wc 2 + f 2 ■ (3 ' 5 - 24) 

With all these ingredients it is now straightforward, although tedious, to find the first- 
order equations for the five independent functions of the ansatz (3.5.21). The result coincides 
again with the one written in ref. [62] , after changing a — > —a, and is given by: 

c 2 (b 2 -a 2 ) + [4a 2 (b 2 - a 2 ) + c 2 ( 5a 2 - b 2 ) - Aabcf]g 2 



16a 2 be Q 2 



b = 



c a 



b 2 ) + [4b 2 ( a 2 - b 2 ) + c 2 ( 5b 2 - a 2 ) + Aabcf] & 
16ab 2 eg 2 
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c 2 + ( c 2 _ 2a 2 - 2b 2 )G 2 



Aabg 2 



(a 2 -b 2 )[4abf 2 G 2 + c(a 2 f - b 2 f - Aabc) (1 - Q 2 ')} 



16a 3 6 3 G 2 



= c{l-Q 2 ) 



(3.5.25) 



Aabg 



Furthermore, the constants p and q are also easily obtained, with the result: 



p = (a 2 - o 2 )c£ 2 + 2abfQ 3 g 2 , 



9 = 





2a6/ , 



(3.5.26) 



while the Hitchin variables are: 



Xi = x 2 



{a 2 + b 2 )cQ , 



x 3 = (a 2 -b 2 )c -2abfQ 3 , 



V\ = V2 



2abcfG(l + & ) , 



y 3 = 4a 2 6 2 ^ 2 . 



(3.5.27) 



Eqs. (3.5.26) and (3.5.27) are again in agreement with those given in ref. [62], after changing 
a by —a as before. 



In this chapter, a large set of Ricci-flat seven dimensional metrics with G 2 holonomy have 
been studied, using eight dimensional gauged supergravity to obtain eleven dimensional 
solutions. Concretely, all the cohomogeneity one metrics with S* 3 x S* 3 principal orbits are 
obtained. This is proved by making contact with the Hitchin formalism (see section 3.4), 
which was originally formulated from a completely different perspective. 

Indeed, eight dimensional gauged supergravity proves itself very useful in the computa- 
tion of such metrics. There is a unique, although quite involved, system of BPS equations 
(those written is section 3.3.1), which include first order differential equations along with 
algebraic constraints, yielding all the solutions. Moreover, the Killing spinors and the cali- 
brating three-form have been computed. As in chapter 2, the main technical trick to obtain 
the most general set of solutions is a rotation on the Killing spinor (eqs. (3.2.12), (3.2.22)). 
It amounts to the introduction of a phase a in the radial projection of the Killing spinor 
and, correspondingly, the twist is implemented by a non-abelian gauge field which is not 
fixed a priori, but determined by a first-order differential equation. This gauge field encodes 
the non-trivial fibering of the two three-spheres in the special holonomy manifold, while the 
corresponding radial projection determines the wrapping of the D6-brane in the supersym- 
metric three-cycle. Actually we have seen that, for non-zero a, the three-cycle on which the 
D6-brane is wrapped has components along the two S 3, s (see eq. (3.2.27)). 

Some particular G 2 holonomy metrics have a particular physical interest. The asymptot- 
ically locally conical (ALC) stand among them. As explained above, they have an S 1 that 
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does not grow at large r, so a compactification can be made there without getting a growing 
string coupling constant. We have seen how gauged sugra can describe such solutions. This 
seems to be at odds with the fact that gauged supergravity is unable to describe the Taub- 
NUT metric. This metric is the uplift of the full D6-brane solution, while, in principle, 8d 
gauged sugra can only account for the near horizon physics of the D6-branes. It would be 
interesting to study whether there is some way out of this limitation and the full solution 
can be obtained in lower dimensional sugra. 
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Chapter 4 



Adding fluxes in 8d gauged 
supergravity 

The low energy dynamics of a collection of D-branes wrapping supersymmetric cycles is 
governed, when the size of the cycle is taken to zero, by a lower dimensional supersymmetric 
gauge theory with less than sixteen supercharges. The gravitational description of these 
gauge theories allows for a geometrical approach to the study of important aspects of their 
dynamics. We have seen in chapters 2 and 3 that eight dimensional gauged supergravity 
is useful in finding the metrics of non-trivial geometries of reduced supersymmetry and 
holonomy. The goal of this chapter is to show how it is possible to generalize some of those 
supergravity solutions by the addition of fluxes, and how the same gauged supergravity is 
an appropriate framework for such a task [8] . We will also try to give an interpretation from 
the point of view of the associated brane configurations and dual gauge theories. 

Gauged supergravities have several forms coming from the dimensional reduction of the 
highest dimensional supergravities [19]. Turning them on amounts to the introduction of 
other branes into the system in the form of either localized or smeared intersections and over- 
lappings. Many of these configurations correspond to extremely interesting supersymmetric 
gauge theories. In particular, these configurations give rise to a world-volume dynamics 
whose description, at different energy scales, is given by increasingly richer phases connected 
by RG flows. See, for example, [63, 64]. 

Concretely, we will study the effect of turning on 4-form fluxes in the non-compact 
directions of the solutions of the previous chapters. When uplifted, this amounts to the 
addition of a 4-form field strength of eleven dimensional supergravity, i.e. to the presence 
of a M2-brane charge, which halves the number of supercharges. Then, by reducing to ten 
dimensions and performing T-dualities, it is possible to find several associated solutions with 
different kinds of D-branes which are useful for the construction of gravity duals. 

The structure of the chapter is the following: In section 4.1.1, we show a general procedure 
to find the new supergravity solutions [8, 65], that works under some general assumptions 
that will always be fulfilled in the cases considered below. The deformation of the background 
produced by the inclusion of a 4-form amounts to the appearance of warp factors. Then, 
in section 4.1.2 we explain how to find an effective lagrangian with a given ansatz for the 
eight dimensional fields when the 4-form G is turned on. This involves a subtle sign flip 
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when constructing the Routhian after integrating out the corresponding potential. Sections 
4.2 and 4.3 are devoted to the study of particular cases, corresponding to the addition of 
flux to solutions analyzed in chapters 2 (D6-branes wrapping two-cycles) and 3 (D6-branes 
wrapping three-cycles) respectively. In both cases, we derive the BPS equations both through 
the vanishing condition for supersymmetry transformations of the fermions as well as from 
the domain wall equations resulting from the effective Routhian obtained by inserting the 
ansatz into the 8d gauged supergravity Lagrangian. We obtain the general solution and uplift 
it to eleven dimensions. Then, we find some solutions related by duality and elaborate on 
the corresponding field theories. Some of the solutions display the effect of supersymmetry 
without supersymmetry [66, 67]. 

Let us finally point out that it would be desirable to address the problem of adding more 
general kinds of fluxes in gauged supergravity. For instance, it would be interesting to look 
for solutions with non- vanishing components of the 4-form along the compact directions of 
the special holonomy background. 

4.1 General procedure 

In this section, some methods for the calculation of this kind of solutions will be presented. 
First, in 4.1.1, from a general formalism, it is shown how the effect of the introduction of the 
4-form is the introduction of warp factors in the metric, which distinguish between directions 
parallel and orthogonal to the 2-brane source of the 4-form. For the sake of clarity, a simple 
example where the flux is added to flat space in eight dimensions is developed. 

Then, in 4.1.2, the problem of finding an effective lagrangian in order to use the super- 
potential method for finding the first order systems is addressed. A simple but important 
subtlety that must be taken into account is explained. 

4.1.1 General dependence of the metric on the 4-form 

Let us suppose that we adopt the following ansatz for the eight-dimensional metric: 

ds 2 8 = e 2f dxl 2 + £ e 2hl (E 1 ) 2 + dr 2 , (4.1.1) 
i=i 

where E % are some vierbiens, which we will assume to be independent of the radial coordinate 
r. We want to add a 3- form potential depending on r and spanning the xo, xi, X2 space-time 
directions. Therefore, the 4-form will be: 

G xWr = A e "5>- 2 * = Ae-^MO , (4-1-2) 

where the underlining is to remark the fact that the indices are flat. A is a constant and we 
have defined the function £((f>,hi). This ansatz for G ensures that the equation of motion 
for the 3-potential (which comes from the lagrangian (1.4.20)): 



D,{f^e^G^) =0, 



(4.1.3) 
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is satisfied. Notice that also the consistency condition (1.4.21) is fulfilled, as long as there is 
no gauge field strength in the x directions. 

All the dependence on r is included in the functions /, hi and 0. We will assume that we 
have also some scalar fields A«. In all the cases studied below, these functions satisfy certain 
first-order BPS equations of the type: 

^/ = T / ( <f>,K A*) + ^ i{ <f>,hi ) , 

^-hi = T h . ((f), hi, A;) - ^ £((/>, hi) , 

^ = T ( 0, h u Xi) - ^ £( 0, hi ) , 

^A* = 1^(0,/^) , (4.1.4) 

where the functions T of the right-hand side depend on the particular case we are consid- 
ering. The only property we will need of these functions is that they satisfy the following 
homogeneity condition: 

T(0 + 7 ,/i i + 7 ,A i ) = e~ 7 ?(</>, hi, \) , (4.1.5) 

where 7 is an arbitrary function. In all the cases studied here and in refs. [63, 65] the T's 
satisfy (4.1.5). On the other hand, from the definition of £( , hi) one has: 

£(0 + 7,/i,+ 7) =e- 5 ^(0,M- (4-1.6) 
Let us now consider a function x such that solves the following differential equation: 

% = -^(<f>,hi), (4.1.7) 

and let us define the functions: 

f = f + X, hi = hi- X , = - X ■ (4.1.8) 
If we now introduce a new radial variable f such that: 

% = eX ■ (4L9) 

then, it is straightforward to prove that / , hi and and A satisfy the following differential 
equations: 

-^f = T /(0> hi,\i) , 
^z~hi = T h .(4>,~hi,\i) , 
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-0 

df 



= Y Xi ($,~hi,\i) , (4.1.10) 

which are the same as those for the same system without the 4-form. Moreover, if we define 
the function H as: 

H = e 4x , (4.1.11) 

then, the uplifted metric is: 

ds 2 u = H- 1 se 2 f-iUx 2 1:2 + 

+ H* \ J2 e^-i^E') 2 + e-'iUf 2 + Ae^ U t + -U) 2 ] . (4.1.12) 

It is clear from eq. (4.1.12) that the effect of the 4-form on the metric is the introduction 
of some powers of H which distinguish among the directions parallel and orthogonal to the 
form. Moreover, it is easy to verify from the equation satisfied by x that the harmonic 
function H satisfies: 

^ = -2A£(0,/?) = -2Ae-£^ , (4.1.13) 

and, thus, if we know the solution without form, we can integrate the right-hand side of 
the last equation and find the expression of H. Notice that when A = we can take 
H = constant. In this case the components of the metric parallel to the 4-form are constant 
provided that = 3/ solves eq. (4.1.10), which can only happen if = 3Y f (this is just 
the (2.2.9) condition needed to have a flat Minkowski part of the eleven dimensional metric 
without form). This condition holds for all the systems studied here and in refs. [63, 65]. 
Moreover, if = 3/ one can verify that the uplifted 4-form is such that: 

F xWf = d f {H^) , (4.1.14) 

where the indices are curved {i.e. they refer to the coordinate basis of (4.1.12)). 

As an illustration of the general formalism we have developed above, let us consider the 
case of a flat D6-brane with flux. In this situation there are no scalar fields A excited and 
the ansatz for the metric is [43] : 

dsl = e 2f dxl 2 + e 2h dy\ + dr 2 . (4.1.15) 

The functions Y appearing in the first-order system (4.1.4) are Yf = Y^ = = | e~^. If 
we change to a new variable t such that df = dt, we can write the solution of the system 
(4.1.10) as f — h — ^ — ^t. Moreover, for the case at hand £(0, h) = e~ 4h ~^ and, by 
plugging this result in eq. (4.1.13), we get that the harmonic function is: 



H 



-2A J e- 4h -^df = -2A J e~ 4 ~ h dt = 1 + 4Ae^ ? (4.1.16) 
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where we have fixed the integration constant to recover the solution with A = at t — > oo. 
The eleven dimensional metric is readily obtained from the uplifting formula (1.4.22). Since 
there are no £77(2) gauge fields excited in this flat case [43], we get: 



ds 2 u 



H-ldx\ 2 + H\ (dy\ + d (dt 2 + 16dQ 2 3 )) 



(4.1.17) 



Introducing a new variable p as p 



e«, the metric (4.1.17) can be put in the form: 



ds 2 u = 



where H(p) is given by: 



dx\ 2 + 



H( P ) 



H{ P ) 



(dy\ + N(dp 2 + p 2 <m 2 3 )) , 
64A 1 



1 + 



(4.1.18) 



(4.1.19) 



N p 2 ' 

Notice that the harmonic function of the D2-brane H(p) appearing in the metric (4.1.18) 
is not in its near horizon limit. Actually, if one drops the 1 on the right-hand side of eq. 
(4.1.19), one can check that (4.1.17) coincides with the metric of the standard near horizon 
D2-D6 intersection. 



4.1.2 Effective lagrangian with 4-form 



In this section, we explain how to find effective lagrangians for a given ansatz for the eight 
dimensional fields when the four-form G is non-zero. Let us imagine that we substitute our 
ansatz for the metric and gauge field A 1 ^ in the Salam-Sezgin lagrangian (1.4.20) and let us 
denote by /j the different functions /, h, . . . of the ansatz (including the dilaton and other 
scalar fields). As the four-form field has a radial component, we can represent it as B', 
where B is a potential and the prime denotes radial derivative. After integrating by parts 
to eliminate the second derivatives, the resulting lagrangian will be of the type: 



fi)(B'[ 



(4.1.20) 



where a{ 
are: 



\ 1/ " ' 1/ t / \ V " / \ / I \ / 

fi ) does not depend on the derivatives of the /7s. The equations of motion for L 



d_ 

dr 



d dL 
aB' 



dL , ( W \i da 



Integrating the equation for B we get: 



B' 



A 



a(fi 



(4.1.21) 



(4.1.22) 



where A is a constant. This is precisely our typical ansatz for G (4.1.2), which will be 
explicitly used in eqs. (4.2.3) and (4.3.3). Substituting the value of B' given in eq. (4.1.22) 
in the equation for the /7s, one gets: 



d_dL_ 

Trdfi 



^Ll _|_ — — 

dfi a 2 dfi 



v a ' 



(4.1.23) 
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and, therefore, the effective lagrangian for the /j's is: 

L,„ = L(Uf!) - £- y (4.1.24) 

Indeed, the Euler-Lagrange equations for L e ff are precisely (4.1.23). Notice the change of 
sign in the last term of L e ff as compared with the corresponding one in L (so one cannot 
naively introduce the ansatz for the 4-form in (1.4.20)). This sign flip will be taken into 
account is eqs. (4.2.7) and (4.3.7) and is crucial to find the superpotentials. Equivalently, 
one can obtain L e ff by eliminating the cyclic coordinate B by constructing the Routhian 1Z 
as: 

TZ = L-B'^. (4.1.25) 

Clearly 1Z = L e ff. 



4.2 D6-branes wrapped on a 2-sphere with 4-form 

In this section we are going to extend the results of chapter 2 by the inclusion of the 4-form. 
More concretely, only the generalized resolved conifold case (section 2.3) will be treated. 
The extension of the solution of section 2.4 would go similarly. 

Therefore, the ansatz for the scalars is given in (2.2.2) while the ansatz for the gauge 
field is (2.2.6). However, as the constraint (2.2.34) is imposed, the gauge field and its field 
strength are just: 

A 3 = cos9d V , F 3 = - sin# d6 A d V . (4.2.1) 

The natural ansatz for the metric is: 

ds\ = e 2f dx\ 2 + e K dy\ + e 2h dtt\ + dr 2 , (4.2.2) 

where, /, ( and h are functions of r and dy\ = (dy 1 ) 2 + (dy 2 ) 2 . Notice that the x and y 
coordinates must be distinguished in the metric, because the 3-form potential is directed 
along the x ones. For the metric (4.2.2), the equation of motion of the four-form is satisfied 
if one writes (see (4.1.2)): 

G xWr = Ae -2C-2fr-20 ; (4 2 3) 

where A is a constant. 



Supersymmetry analysis 

Let us look for the BPS configurations by requiring the vanishing of the supersymmetry 
variations of the fermionic fields. The angular projection related to the Kahler structure 
of the compact space (2.2.11) remains unchanged. For the resolved conifold, the function 
a parametrizing the rotation of the spinor is zero (2.3.1) and, hence, the radial projection 
(2.2.26) gets reduced to: 

r r f 123 e = -e , (4.2.4) 
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Furthermore, the presence of the flux (or equivalently of a D2-brane in the type IIA theory 
in ten dimensions) makes necessary an extra projection which further halves the preserved 
super symmetry. It reads: 

r x o x i x 2e = — e . (4.2.5) 

The number of unbroken supercharges is then four. It is now straightforward to find the 
first-order equations which follow from the conditions 5ip\ = 5\i = 0. One gets: 

6 24 2 

C = _I e *-21-2A + JL e -0( 2e 2A + e -4A } _ ^ £ -<l>-2 h -2C ? 

fe' = ^- 2/l - 2A + -I e ^(2e 2A + e" 4A ) - -e^- 2 ^ , 
6 24 2 

0' = -i e ^ 2A - 2A + -e-*(2e 2A + e" 4A ) - -e-^ 2/l ^ , 
2 8 2 

A' = I e ^- 2/l - 2A - -e^(e 2X - e" 4A ) . (4.2.6) 
3 6 

As a check, it is interesting to verify in eq. (4.2.6) that, when A = 0, we have f' = (' = 4>'/3, 
and the resulting equations coincide with those of (2.3.2). 

First order equations from a superpotential 

Let us briefly present here how to obtain the first order system by finding a superpotential. 
By inserting the ansatz in the lagrangian (1.4.20), and taking into account the sign change 
explained in section 4.1.2, one finds the effective lagrangian: 



L eff = e 3 ^ +2h 



+ 3/'C' + Zf'h' + 2h'C' + \e' 2h + -L e - 2 ^(2e- 2A - \ e" 8A ) 

1 A 2 

_ ± e 2<P-4h-AX _ 2 ±_ e -4C-20-4h ^ (4.2.7) 

2 2 

where some integration by parts has been made. Let us define a new radial coordinate 77: 

% = e- h -( . (4.2.8) 
drj 

After taking into account the jacobian for the change of variable (4.2.8), one concludes that 
the effective lagrangian in the new variable is L e ff = e~ h ~^ L e ff. Moreover, it is easy to 
check that L e ff can be put in the form (1.3.10), with A = f + h + (. The constants in eq. 
(1.3.10) become c\ = 3, C2 = 3/2, and now ip a has four components, namely, ip a = (£, h, 0, A). 
The non- vanishing elements of the metric G a b are G^c = Ghh = 2, G^h = G^^ = 1 and 
G\\ = 3, and the potential V is given by: 

V = I e 2<A-6/i-2C-4A + J_ e -2</»-2/ l -2C ^ e -8A _ 4g -2A ^ _ }_ e ~4h-2( + ^_ g -6C-20-6fe _ (4.2.9) 

2 32 2 2 
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The corresponding superpotential W must satisfy eq. (1.3.12), which in this case becomes 
(fixing c 3 = 1): 

3 \ dC J 3 \ dh J 2 \ d(j> J 6 \ d\ J 3 dh d( 2 1 ; 

After some elementary calculation, one can prove that W can be taken as: 

W = -- e ^ 3h -<- 2X - - e^- h -< (e- 4A + 2e 2A ) + - e ~ 3 ^ 3 ^ . (4.2.11) 
2 8 v ' 2 v ; 

The first-order equations for this superpotential can be obtained by substituting (4.2.11) on 
the right-hand side of eq. (1.3.14). It is not difficult to check that, in terms of the original 
variable r, one gets exactly the first-order system (4.2.6). 

4.2.1 Getting the eleven dimensional solution 

In order to find the solution of eleven dimensional supergravity arising from the uplifting of 
the eight dimensional configuration described by the system (4.2.6), we can use the reasoning 
of section 4.1.1. Indeed, (4.2.6) is of the type (4.1.4). The system without 4-form is written 
in eq. (2.3.2), and its solutions in the subsequent equations. In the following, tilded functions 
will refer to the solution of that system (2.3.7), (2.3.12). Using (4.2.3), (4.1.2) in (4.1.13), a 
differential equation for the warp factor is obtained: 

^ = -2Ae- 2 ^ , (4.2.12) 
df 

where ( = 0/3 has been used (which is simply the condition (2.2.9) for the system without 
flux). It is convenient to express the warp factor in terms of the radial variable p which was 
used in the result (2.3.14). Taking into account (2.3.3) and (2.3.10), it is immediate to get: 

? = - e^+ 4A , (4.2.13) 
dp p 

and therefore, substituting (2.3.7), (2.3.12), one arrives at: 

dH 432 A 

~dp~ ~ ~ p3 ( p 2 + 6fl 2) K ( p ) • ( • • ) 

Smeared M2-branes at the tip of the conifold 

Let us consider first the case of the singular conifold with a = b = and k(p) = 1. Then, 
the integration of (4.2.14) is trivial: 

H{p) = 1 + A , (4.2.15) 
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where the 1 has been fixed in order to recover the solution without flux at p — > oo, and the 
constant k is related to A by means of the expression 1 : 

k = 432 A . (4.2.16) 

We get the corresponding eleven dimensional metric, which takes the form: 

ds 2 u = [H(p)]-$ cb? 1>2 + [H(p)} 1 * [dyl + dsl] , (4.2.17) 

where ds\ is the singular conifold metric written in (2.1.7). Finally, the 4- form F can be 
obtained from (4.1.14): 

F xWp = dplHip)]- 1 . (4.2.18) 

It follows from these results that this solution can be interpreted as the geometry created 
by a smeared distribution of M2-branes located at the tip of the singular conifold. Notice 
that we are now smearing the M2- brane along two coordinates, which agrees with the power 
of p in the harmonic function (4.2.15). 

Smeared M2 branes and generalized resolved conifold 

Integrating (4.2.14) for arbitrary values of a, b is somewhat involved. By fixing again if (oo) = 
1, the explicit expression of the integral is: 

/•oo TG?T 



with k again given by eq. (4.2.16). The metric can be written as (4.2.17) where now ds\ 
corresponds to the small resolution of the generalized conifold (2.3.14). On the other hand, 
the 4-form F for this solution can be put in the form (4.2.18) with H(p) given by eq. (4.2.19). 

It is immediate to conclude that H(p) behaves for p — > oo exactly as the right-hand side 
of eq. (4.2.15). In order to find out the behavior of H at small p, let us perform explicitly 
the integral (4.2.19) in some particular cases. First of all, we consider the case 6 = 0, for 
which H(p) is given by: 

*w = 1 + 5??-iS? k *< 1 + ? >• <» = <»■ (4 - 2 - 20) 

This expression for H(p) coincides exactly with the one found in [44] for the case of a 
D3-brane at the tip of the small resolution of the conifold, which can be obtained from 
our solution by dimensional reduction and T-duality (see below). For p ps the harmonic 
function behaves as: 

Ik 1 

H(p) « — - , (6 = 0). (4.2.21) 
When a = the integral (4.2.19) can also explicitly performed , with the result: 

H(p) = 1 - ^ \- log {f>2 ~ h2 f + -^arccot ^J" 52 ! , (a = 0) , (4.2.22) 



1 The different factor with respect to [8] is due to a different constant of integration in the eq. for / which 
in [8] made necessary a rescaling of the x and y coordinates. 
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and, again, this result coincides with that of ref. [42]. For p ps b the function in (4.2.22) has 
a logarithmic behavior of the form: 

2k n — b 

H{p) w ~w log ^> (a = 0) - (42 - 23) 

For general values of a and 6 the integral (4.2.19) can be performed by factorizing the 
polynomial in the denominator. The result depends on the sign of the "discriminant" A = 
b 6 — 108 a 6 . The analysis of the different cases has been carried out in ref. [42]. 



4.2.2 Reduction to D=10 and T-duality 

Some ten dimensional solutions associated to the eleven dimensional ones of section 4.2.1 
will be obtained here. This can be achieved by means of Kaluza-Klein reduction to type 
IIA theory and by afterwards implementing T-duality. Finding this kind of solutions is 
interesting because they can be related to D-branes, and therefore, used as gravity duals of 
gauge theories. 



D3-branes at the tip of the generalized resolved conifold 

Let us consider first a reduction along a direction orthogonal to the six dimensional conifold 
metric. Notice that d/dy 1 and d/dy 2 are Killing vectors of (4.2.17). Let us reduce along y 2 
followed by a T-duality transformation along y l . The resulting metric in the IIB theory is: 



ds 2 



[H(p)]-* dx{ 2 + (dy 1 ) 2 + [H(p)]*ds*, 



(4.2.24) 



where H(p) is written in (4.2.19) and ds;? in (2.3.14). The dilaton is constant and there is 
an RR 5- form: 



F (5) = d p \H(p)] 1 dx° A dx 1 A dx 2 A dy A dp + Hodge dual . 



(4.2.25) 



This solution is precisely the one studied in ref. [42] and corresponds to a D3-brane located 
at the tip of the generalized resolved conifold. 



Smeared D2-D6 wrapped on a 2-cycle 

Another possibility is to reduce along the fiber tp of the T 1,1 space. The expression (2.3.14), 
when included in (4.2.17), automatically gives a reduction ansatz of the type (1.4.8). How- 
ever, notice that the vielbein where susy was analyzed and the spinor was -^-independent 
is the one related to (2.3.13). To go to the vielbein naturally associated to (2.3.14), a in- 
dependent local lorentzian rotation is necessary. This introduces a functional dependence on 
the eleven dimensional Killing spinor and so it renders a non-supersymmetric supergravity 
solution [68] . This is nothing but the phenomenon of supersymmetry without supersymme- 
try first discussed in [66]. In order to write the result of the reduction along ip, let us define 
the function: 

T(p) = . (4.2.26) 
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Then, the solution of the type IIA theory that one obtains by reducing along ip is: 

t(p) 



ds 2 l0 



i?(2) 



H( P ) 

r(p)] 1 [h(p) 

6 (2) + C(2) , 



dx 2 j2 + tf(p) (dy 2 + ^ + p2+ a 6a2 dQ 2 + ^dQ 2 ) 



k( P ) 



6 



6 



F (4) = <9 p f #(/?) 1 dx° A dx 1 A dx 2 A dp , 



(4.2.27) 



where dCl 2 = d9 2 + sin 2 9d<p 2 , em = sin 9dip A d6 and 6(2) = sin#G?(/? A d6. This (non- 
super symmetric) solution (of IIA supergravity) corresponds to a system of (D2-D6)-branes, 
with the D2-brane extended along (x 1 ,x 2 ) and smeared in (y l , y 2 ) and the D6-brane wrapped 
on a two-cycle. Notice that the KK reduction somehow disentangled the bundle and the 
resulting ten dimensional metric exhibits a product of the two-spheres instead of a fibration. 
This is characteristic of what has been called supersymmetry without supersymmetry: the 
supergravity solution does not display supersymmetry even when it may be present at the 
level of full string theory [67, 68, 69]. 



D4— branes 



If we now perform T-duality transformations along the coordinates (y\y 2 ), we arrive at a 
system composed by D4-branes, for which the metric and dilaton are: 



ds 2 w 




<hli , ,,, , , dp : 



dx 1 2 + 



r(p) 



+ H(p) 



1 p 2 + 6a 2 M i2 



dti 2 + p — dn 2 ) 



k{ P ) 



(4.2.28) 



Moreover, the direct application of the T-duality rules gives the following RR potentials: 

= cos 9 dip A dy 1 A dy 2 + cos 9 dip A dy 1 A dy 2 , 



= [H^Y 1 dx° Adx 1 Adx 2 Ady 1 Ady 2 . (4.2.29) 

However, since is really the potential of = *F^\ we will only have a four-form 
RR field strength, given by: 

F {4) = ( e (2 ) + e (2 ) ) A dy 1 A dy 2 + A 6(2) A g {2) , (4.2.30) 

where k is the constant appearing in the harmonic function H(p). Again, this solution 
displays the supersymmetry without supersymmetry behavior. 



84 



CHAPTER 4. ADDING FLUXES IN 8D GAUGED SUPERGRAVITY 



4.3 D6-branes wrapped on a 3-sphere with 4-form 

In this section, the 4-form G flux will be added to the geometry with G 2 holonomy studied 
in chapter 3. We will closely follow the steps of the previous section for this case. 

For concreteness, we will only deal with the simpler case of the Bryant-Salamon metric 
(see the beginning of section 3.2.3). Therefore, the gauge field and its field strength are just: 

A* = - l -w l , F l = -± 6ijk w j Aw k . (4.3.1) 

The metric must take the form: 

ds 2 8 = e 2f dx\ 2 + e 2C dy 2 + e 2h dQ 2 3 + dr 2 . (4.3.2) 
The corresponding ansatz for the 4-form G in flat coordinates is (4.1.2): 

G xWr = Ae'^ 3h - 2 ^ , (4.3.3) 
with A being a constant and (f> the eight-dimensional dilaton. 



Supersymmetry analysis 

As in section 4.2, the supersymmetric projections for the configuration without flux have 
to be kept. In this case, there are three of them which can be read from eqs. (3.2.7) and 
(3.2.12) (where f3 = 0, (3 = 1 as we are looking at the g — case). They read: 

ri 2 fi 2 e = r 23 f23e = -r r fi 23 e = e . (4.3.4) 

Additionally, the presence of the flux makes necessary a new projection, reducing to two the 
total number of supercharges preserved by the solution: 

r x o x i x 2e = -e . (4.3.5) 

With these conditions, it is straightforward to obtain the BPS equations, by demanding, as 
usual, the vanishing of the supersymmetric variation of the gravitino and dilatino fields: 

+ 2 
2 

A -0-3h-c 
2 

- ^ e -*-3ft-C . (4.3.6) 
Notice that, as it should, eqs. (4.3.6) reduce to (3.2.39) when A = (and / = ( — 0/3). 
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First order equations from a superpotential 

Before finding the general integral of the BPS equations (4.3.6), let us derive them again by 
means of the alternative superpotential method . Actually, the equations of motion of eight 
dimensional supergravity for our ansatz can be derived from the effective Lagrangian: 



J eff - e 



(f) 2 + (ti) 2 - l(<f>') 2 + sfti + f(' + C'ti 

1 Ah A 



2 



+ e - 2ft _|_ —e-^ - e 2 4>-±h _ _ e -2C-6/i-20 

16 3 



(4.3.7) 



Let us now introduce a new radial variable 77, whose relation to our original coordinate r is 
given by: 

% = e-§*-*C. (4.3.8) 
dr\ 

The lagrangian in the new variable is L e ff = e~% h ~ ^ L e ff , where we have taken into 
account the corresponding jacobian. If we define a new scalar field A = f + | C + § ^> so the 
lagrangian is of the sort (1.3.10) with parameters C\ — 3, C2 = 1 and where the non- vanishing 
elements of the metric G a b are = G^h = |, Ghh = § and G<^ = |. The potential 
V(ip) appearing in L e ff is: 

V(<p) = e ^~ 7h -< - l e -^-^-C _ e -5h- C + ^^-m-sc (4 3 9) 

16 3 

In view of (1.3.12), we have to look for a function W(<f>, h, () such that: 
5 / dW\ 2 1 / dW\ 2 3{dW\ 2 1 dW dW 9 

l ' = 4(ir) + l(l^J -2aT^-S w ■ (4310) 

For the value of V given above (eq. (4.3.9)) one can check that eq. (4.3.10) is satisfied by: 

W = -e^-I^-i - l e -*-§*-§ + ^ e -^-i ft -l c . (4.3.11) 

4 3 V ; 

It is now easy to verify that the first-order domain wall equations for this superpotential 
(1.3.14) are exactly the same (when expressed in terms of the old variable r) as those obtained 
from the supersymmetric variation of the fermionic fields (eqs. (4.3.6)). 



4.3.1 Eleven dimensional solution 

Let us now write the solution that comes from integrating eqs. (4.3.6). Once again, the 
general procedure of section 4.1.1 simplifies the task drastically. It is easy to check that all 
the conditions needed for (4.1.12), (4.1.14) to be the solution are fulfilled. The system of 
equations for A = and its solution are written in (3.2.39)-(3.2.45). In the following, as in 
section 4.2.1, the tilded functions will refer to quantities of the system without four-form. 
The equation for the warp factor (4.1.13) is just, using ( = 0/3: 



— = -2Ae~ 3h -~ 
df 



(4.3.12) 
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In order to express the equation in terms of the radial variable p used in (3.2.45), we need: 



dr 6 / a 3N 



dp p 



(4.3.13) 



which can be easily derived from (3.2.40), (3.2.43). Finally, reading from (3.2.44) the values 
of h, 0, we arrive at the simple equation: 



dH 1296^3 A 
dp (p 3 — a 3 ) 2 

One gets the following metric in D=ll: 

ds 2 n = [H(p)}- 2 * dxi 2 + [if fa)]* \dy 2 + ds 2 7 



(4.3.14) 



(4.3.15) 



where ds 2 is the Bryant-Salamon metric (3.2.45). The 4-form F in the solution has the usual 
form (4.1.14). 



Smeared M2— branes on the tip of a G 2 cone 

Consider first the particular solution a = 0, where the warp factor is really simple: 



i + 4 



(4.3.16) 



with k being: 



1296 K A 
k = V3 A . 



(4.3.17) 



Notice that if (p) is an harmonic function in the transverse seven dimensional space. It is 
clear from the result of the uplifting that our solution corresponds to a smeared distribution 
of M2-branes in the tip of the singular cone over S 3 x S* 3 with a G 2 holonomy metric found 
in [49, 50]. Notice that the power of p in the harmonic function (4.3.16) is the one expected 
within this interpretation. 



Smeared M2-branes on the resolved G 2 cone 

For a general value of a, fixing if (oo) = 1, the warp factor is (4.3.14): 



H(p) = 1 + k f 

Jo 



p (r 3 - a 3 ) 2 



dr , 



(4.3.18) 



where the constant k is the same as in eq. (4.3.17). After some calculation, an explicit 
expression can be obtained, namely: 



ff(p) = 1+A; 



1 10 r 2p + a n 5 , 

+ arccot | — | — ■ 7r -^ log ( 1 



3ap 



3a 3 p 2 1 - £ 3v/3 a 5 



9a 5 



(p - a) 



r) 



(4.3.19) 
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This solution represents a smeared distribution of M2-branes on the resolved manifold of 
G2 holonomy Xj (the Bryant-Salamon solution), whose singular limit is the cone obtained 
above. It is an IR 4 bundle over S* 3 . Actually, the function H(p) can also be determined by 
solving the Laplace equation on the seven dimensional G 2 manifold [70] . It is also interesting 
to analyze the large and small distance behavior of this harmonic function. When p — > 00, 
H(p) can be approximated as: 

«! + - + _ + ... , (4.3.20) 

i.e. it has the same leading asymptotic behavior as the function (4.3.16). On the other hand, 
for p pa a, H(p) diverges as: 

f . 5k 1 10k p — a , 

F M M SF^ + 5F k *V + -"- (4 ' 3 ' 21) 

It is tempting to argue at this point that this supergravity smeared solution might be the dual 
of some gauge theory at a given low energy range. The resolution of the conical singularity 
must render the theory non-conformal in the IR. In order to better understand our solutions, 
it is important to go to ten dimensions. There are different reductions to type IIA string 
theory: we can reduce on the smeared direction, or we can embed the M-theory circle in the 
IR 4 fiber or the S 3 base in X 7 . We will study them in the following subsection. 

4.3.2 Reduction to D=10 and T-duality 

D2-branes on the tip of a (resolved) G 2 cone 

There are several possible choices for a coordinate to reduce. The simplest election -and the 
most meaningful from the point of view of gauge/string duality, as long as the smearing is 
removed- is to reduce along y, for which the metric and dilaton of the IIA theory are: 

ds\, = [H{p)\-^ dx\ 2 + [H(p)\* ds 2 7 , 

= [H(p)]* , (4.3.22) 

while the 4-form field strength of D=ll becomes the RR 4- form of the type IIA theory 
and C*- 1 -* vanishes. It is clear that this D=10 solution represents a D2 sitting at the tip of the 
G2 holonomy manifold X 7 , whose principal orbits are topologically trivial S 3 bundles over 
S 3 . In the singular limit, when the base S* 3 has vanishing volume, we end with D2-branes 
at the tip of the G 2 cone over the Einstein manifold Y 6 . This configuration is reminiscent 
of the Klebanov-Witten's _D3-branes placed at the tip of the conifold [71]. Indeed, it is a 
sort of lower supersymmetric version of it. Notice, however, that the solution resulting from 
gauged supergravity is the complete D2-brane solution and not its near horizon limit. This 
might look strange since gauged supergravity usually gives directly the near horizon metric. 
The reason is that the near horizon limit of the D6-branes (that we would obtain through 
a different reduction, see below), which are the host branes of D=8 gauged supergravity, do 
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not imply, in general, the near horizon limit of the D2-branes that are intersecting them. In 
summary, in order to get the supergravity dual of the system of D2-branes on the tip of the 
G2 cone, we must consider the near horizon limit. We should reintroduce l p units everywhere 
and take p, a and l p to zero such that 

2 

U=^- and L=°- (4.3.23) 

are kept fixed. The resulting expression for the harmonic function (4.3.19), for large U, 
admits the following asymptotic expansion 

H(TT\ 5 9ymN ™ 3n ( L,3n 

H{u) - jifLHphs^yw ' (4 - 3 - 24) 

where g Y M ~ L is the three dimensional coupling constant, al 2 s = I 3 , and N is the number 
of D2-branes. The asymptotic background gives the near horizon limit of N D2-branes 
transverse to the G 2 holonomy manifold: 



ds 10 — l s I : dx\ 2 + 775 ds 7 



^9ymN 



(4.3.25) 



and the 4-form field strength F is still given by (4.2.18). It is analogous to the flat D2-brane 
[72] except for the fact that the transverse IR 7 has been replaced by the G2 cone over S 3 x S 3 . 
This is the valid description for intermediate high energies, g Y M^ > U > g YM N^ , where the 
string coupling and the curvature are small, and the radius of the eleventh circle vanishes. 

In the UV we can trust the super Yang-Mills theory description. It is an Af = 1 theory 
in 2 + 1 dimensions. We can obtain its field content following the arguments in [71]. In the 
case of a single D2-brane, it is a U{1) x U{1) gauge theory with four complex scalars Qi, Qi, 
i = 1,2, and a vector multiplet whose gauge field can be dualized to a compact scalar that 
would parametrize the position of the _D2-branes along the M-theory circle. The vacuum 
moduli space is given by 

l<?i| 2 + M 2 -|gi| 2 -|g 2 | 2 = £ 2 , (4.3.26) 

where q iy are the scalar components of the superfields Q iy Q iy which precisely provides an 
algebraic-geometric description of the manifold X 7 [47]. 

D2— D6 system wrapping a special Lagrangian S* 3 

The second possibility we shall explore is the reduction along some compact direction of 
the G2 manifold. Let us consider first the three-sphere S 3 , parametrized by the SU(2) 
left- invariant 1-forms w l . Notice that S* 3 is external to the D6-brane worldvolume in the 
D=8 gauged supergravity approach. We shall regard the S 3 sphere as a Hopf bundle over 
a two-sphere, and we will reduce along the fiber of this bundle. Denoting the w^s as in eq. 
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(1.4.25), we shall choose z = (p as the coordinate along which the dimensional reduction will 
take place. Accordingly [73], let us define the vector p l and the 1-forms e l by means of the 
following decomposition of the w l 's: 

W* = l l + jj dip . (4.3.27) 

The components of p l and e l are: 

p 1 = sin 9 sin ip , p 2 = — sin 9 cos ip , /i 3 = cos 9 , 



(4.3.28) 



e = cos ip d9 , e = sin ^ ci^ , e = dip . 

Notice that ftp, 1 = 1. One can also check the following relation: 

e* = e ijk jl j djl k + cos##/T , (4.3.29) 

from which it follows that = cos dip. Next, let us define the one-forms Dp 1 as: 

1 

2 



(4.3.30) 



It is important to point out that the Dp 1 one-forms are not independent since p l Dp 1 = 0. 
Moreover, after some calculation one verifies [73] that: 



where a is given by: 



i=i z i=i 



o" = + cos 9 dip — - p l w l . 

2 



(4.3.31) 



(4.3.32) 



Using eq. (4.3.31) to rewrite the right-hand side of (3.2.45), one is able to put the metric 
(4.3.15) in the form (1.4.8) with z = <p. Before giving the form of the resulting D=10 
supergravity background, let us write a more explicit expression for (Dp) 2 , 



£ W 



i=i 



^ d6 — cos ip — — sin ip — ^ 

~ / ~ ~ ~ ~ ~ VJ 2 \ ^ 

+ sin 2 6> dip + cot 9 sin ip — — cot 9 cosip — — — . (4.3.33) 
\ 2 2 2/ 



If we define •y(p) as: 



(4.3.34) 



then, the D=10 metric and dilaton obtained by reducing along p> are: 



rfs 2 



l{p) 



H( P ) 
liP^lHip) 



dx 2 + H{p) ( dy 1 



dp 



+ i ff < + 19 L 

1 - Tff iz i=l 



/r V ^) 2 + 7 (p)£ W 

1=1 



(4.3.35) 
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As the dilaton diverges at p — > oo, it follows that this solution has infinite string coupling 
constant. Moreover, the RR potentials and of the type IIA theory are: 



C-d) 

C (3) 



cos 6 dip — -p l w\ 



H(p) 1 cfe° A dx 1 A cb 2 , 



(4.3.36) 



whose field strengths are: 



i?(2) 



A Dp? + - w i A 
4 



F (4) = d p f #(p) 1 1 A dx 1 A tfe 2 A dp , 



(4.3.37) 



which clearly correspond to a (D2-D6)-brane system with the D2-brane smeared in one of the 
directions of the D6-brane worldvolume (i.e. along the y direction). Three of the directions 
of the D6-brane are wrapping a supersymmetric 3-cycle in a complex deformed Calabi-Yau. 
Yet, the smearing in D=10 makes this solution a bit awkward from the point of view of the 
AdS / CFT correspondence. Instead, we can perform a T-duality transformation along that 
direction. 



Curved D3 branes and deformed conifold 

Notice that d/dy is still a Killing vector of the D=10 metric (4.3.35). Therefore, we can 
perform a T-duality transformation along the direction of the coordinate y and, in this way, 
we get the following solution of the type IIB theory: 



ds 2 w = 



e v = 



l{p) 
MP) 

l(p) 



dx 2 ^ / {] l y 



J2 3 



i?(3) 



Dp 1 A Dp j + - w i A w j ] A dy , 



F (5) = dp f H(p) ] 1 dx° A dx 1 A dx 2 Ady Adp + Hodge dual . 



(4.3.38) 



The solution (4.3.38) contains a D3-brane extended along (x 1 ^ 2 ^), with the y-direction 
distinguished from the other two. For large p the space transverse to the D3-brane is topo- 
logically a cone over S 3 x S 2 . Moreover, since j(p) — > as p — > a, the S 12 part of the 
transverse space shrinks to zero near p = a and, thus, the transverse space has the same 
topology as the deformed conifold. 
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Type IIA background with RR fluxes 

Another possible reduction to the type IIA theory is obtained by choosing the M-theory 
circle as the Hopf fiber of the three sphere S 3 (the one parametrized by the one- forms w l ). 
In order to proceed in this way, let us first rewrite the seven dimensional metric (3.2.45) as: 



dp 2 p 2 



ds 2 7 = ^-r + f^(p) E(^) 2 + /?(P) E 



12 



w 



i=l 



i=l 



with £(p) and f3(p) being: 



(4.3.39) 



1 _ °L 



4p3 



(4.3.40) 



As in eq. (4.3.27), we decompose w l as w l = e l + p l dtp. The components of e* and p % are 
similar to the ones written in eq. (4.3.28). Moreover, if we define the 1-forms Dp 1 as: 



Dp 1 



W ~ ^7T tijk w j p k 



(4.3.41) 



then, one can easily find expressions of the type of eqs. (4.3.31)-(4.3.32) and the D=10 
solution is readily obtained. For the metric, dilaton and RR 1-form potential one gets: 



r/s 2 



P(p) 



[H(p) 

/?(p) 1 1 \H(p) 



dx\ 2 + H(p) {dy 2 + 



dp 2 



1 - K 12 



= cosOdcf) - ^p'w 1 



(4.3.42) 



while the RR potential is the same as in eq. (4.3.36). 
Curved D3-branes and resolved conifold 

We can make a T-duality transformation to the background (4.3.42) in the direction of the 
coordinate y. The resulting metric and dilaton are: 



ds\ Q = 



M 

H{ P ) 



dec ^ 2 ~~ \~ 



i a° 



" 2 1 ^ +H(p)( T ^ + ^(p)(w l ) 2 + P(p)(Dp*) 2 ) 



(4.3.43) 



which for large p corresponds, again, to a D3-brane with a transverse space with the topology 
of a cone over S 3 x S* 2 . However, since £(p) vanishes at p = a, in this case the S 3 part of the 
cone shrinks to zero as p — > a and, therefore, the transverse space has a structure similar to 
the resolved conifold. 
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Chapter 5 

The Maldacena-Niinez model 



In ref. [37], Maldacena and Nunez proposed a duality between a supergravity solution 
(previously found by Chamseddine and Volkov [74]) and M = 1 super Yang-Mills with 
SU(N) gauge group 1 . The setup consists in a stack of N D5-branes wrapping a (compact) 
super symmetric two-cycle inside a (non-compact) Calabi-Yau three-fold. The Calabi-Yau is 
1/4 supersymmetric and the presence of D5-branes further halves the number of susys (and 
also spoils conformal symmetry) leaving a total of 4 supercharges. 

Then, if one looks at the low energy dynamics of open strings on the D5-branes (discarding 
Kaluza-Klein modes and stringy excitations), one finds a Yang-Mills theory living in the 
1+3 unwrapped dimensions. On the other hand, the closed string dynamics shows up in 
the generated supergravity background. Hence, one can think of an open/closed string 
duality which becomes a gauge/gravity duality, in the same spirit as AdS/CFT (although 
the dualities with reduced supersymmetry are never as clean as the original AdS/CFT). As 
in that case, the relation is holographic, and the non-compact direction of the Calabi-Yau 
plays the role of the energy scale of the gauge theory. 

More concretely, we start with D5-branes wrapped in the finite, topologically non-trivial 
two-cycle of a resolved conifold. The backreaction of the branes deforms the geometry, and 
one has a geometric transition as those studied in [39, 40]. The final geometry, which is 
described by the solution of next section, is topologically like a deformed conifold, where the 
5 2 is contractible but the 5 3 is not. Moreover, the branes disappear and are replaced by 
fluxes. The total RR-charge associated to these fluxes is that of the initial number of branes. 

The Lorentz symmetry of the configuration is 5*0(1,3) x 5*0(2) x 50(4). In order to 
keep the desired amount of supersymmetry, one must perform the twisting, i. e., appropriately 
embed the spin connection on the 50(2) inside the 50(4) = 577(2) x 577(2). This will be 
explicitly done in the next section. 

The degrees of freedom of D = 4, M = 1 SYM can be arranged into a vector multiplet 
composed by a gauge vector field (two on-shell bosonic degrees of freedom) and a Ma- 
jorana spinor A (two on-shell fermionic degrees of freedom), both of them transforming in 
the adjoint representation of the gauge group. An important difference with other gauge 
theories with more supersymmetry is that there are no scalars, so there is no moduli space. 

1 0ther duals of similar gauge theories have been proposed [36, 38, 75]. 
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This theory has some similarities with QCD and, therefore, it can be used to address, in a 
simpler context, some phenomena like confinement. 

In section 5.1, the derivation of the sugra solution from a supersymmetry analysis will 
be explained thoroughly. The explicit expression for the Killing spinors will be found. In 
section 5.2, we briefly review how some aspects of the field theory can be read from the 
supergravity solution. In chapter 6, supersymmetric probes in the background are studied 
in detail, and it is argued that their presence is dual to the addition of flavor to the dual 
gauge theory. 

5.1 Supersymmetry and the gravity solution 

The supergravity solution which is the topic of this chapter was first found by Chamsed- 
dine and Volkov [74] by studying non-abelian supersymmetric monopoles in D = 4 gauged 
supergravity. In ten dimensions, it represents D5-branes wrapping a two-cycle inside a re- 
solved conifold. Therefore, in the spirit of previous chapters, the natural supergravity where 
one should try to find the solution is D = 7, where a 5-brane is a domain wall. The BPS 
equations are obtained in section 5.1.1 from the seven dimensional point of view and a neat 
expression for the Killing spinors is given. Then, in 5.1.2, the process is repeated in D = 10 
type IIB supergravity. The interest of this repetition is two-fold: the relation between 7d and 
lOd supersymmetry is clearly seen and the ten dimensional Killing spinors (which are useful 
for the gauge-gravity correspondence) are found. For completeness, in 5.1.3 the integration 
of the equations is explicitly carried out, following the steps of [74]. 

5.1.1 D = 7 supersymmetry analysis 

The aim is to describe the solution using the seven dimensional supergravity of section 1.4.5. 
The natural ansatz for the metric of a 5-brane wrapping an S 2 reads (string frame): 

ds 2 7 = dx 2 13 + e 2h (d6 2 + sin 2 6dip 2 ) + dr 2 . (5.1.1) 

The other excited degrees of freedom are the dilaton 7 (the subindex is to remind that this 
is the seven dimensional dilaton, which will be different from the IIB dilaton that will appear 
in section 5.1.2) and the SU{2) gauge field. Its ansatz is: 

A 1 = -a(r)d0, A 2 = a(r)sm9dip, A 3 = -cos9dip. (5.1.2) 

Notice the similarity 2 with (2.2.6). Like there, the A 3 component is uniquely determined by 
the twisting condition, and the A 1 and A 2 play the role of smoothing the singularity in the 
infrared, in complete analogy to what happens with the resolution of the Dirac string by the 
't Hooft-Polyakov monopole. The field strength, calculated with the expression (1.4.19) is: 

F l = -a'drAd9, F 2 = a' sin 9dr A dip , F 3 = ( 1 — a 2 ) sin 9d9 A dip . (5.1.3) 
2 Different signs are related to the different signs in conventions for the uplifting formulae. 
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As F A F = 0, the 3- form potential B can be consistently taken to vanish. We want to 
impose 5\ = 5ip^ = in (1.4.32). First of all, the angular projection is needed: 

r^e = dV 2 e . (5.1.4) 

By using eq. (5.1.4), the dilatino equation reduces to: 

-2h i 

0' 7 e + (1 + -—(a 2 - l))T r e - - a' e~ h T e i a 1 e = , (5.1.5) 

while 5ipe = Siptp = yield: 

h'e - - a' e~ h Y e ia l e + a e~ h T r T e i a 1 e + - (a 2 - 1) e" 2?i F r e = . (5.1.6) 

From the transformation of the radial component of the gravitino 5ip r = 0, one just gets: 

d r e = \a! e~ h T e i(T l e . (5.1.7) 

From (5.1.5), we find a rotated projection for the Killing spinor, in full analogy with (2.2.15) 
or (3.2.12). 

T r e = (p + pTgia^e , (5.1.8) 
where (5 and /3 can be read from eq. (5.1.5), namely: 

P = ^ , P=l r • (5-1.9) 

1 + ^ (a 2 - 1) 2l + ^( fl 2_i) v ; 

On the other hand, it is easy to check that the consistency condition is the same of previous 
cases ft 2 + ft 2 = 1, and, therefore, we can represent again (3 and (3 as: 

(3 = cosa, f3 = sina. (5.1.10) 

Substituting the radial projection (eq. (5.1.8)) into eq. (5.1.6), and considering the terms 
with and without Tgicr 1 , we get the following two equations: 

ti = -\e~ 2h {a 2 - l)(3-ae- h p , a' = -2af3 + e~ h (a 2 - 1) . (5.1.11) 

By using the definition of (3 and f3 (eq. (5.1.9)) into the second equation in (5.1.11), we get 
the following relation between <f>' 7 and a': 

<t>' = — \l - -e~ 2h (a 2 -l)} . (5.1.12) 

Furthermore, from the condition (3 2 + (3 2 = 1 , one obtains a new relation between 0' 7 and 
a', namely: 

<P' 2 + l -e~ 2h d 2 = [1 + ie" 2/l (a 2 -l)] 2 . (5.1.13) 
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By combining eqs. (5.1.12) and (5.1.13) one can get the expression of <f>' 7 and a' in terms of 
a and h. Moreover, by using these results in eq. (5.1.9), one can get (3 and (3 as functions 
of a and h and, by plugging the corresponding expressions on the first eq. in (5.1.11), one 
can obtain the differential equation for h. In order to write these expressions in a compact 
form, let us define: 



Q = \je ih + - e 2h (a 2 + 1) + — (a 2 - l) 2 . (5.1.14) 
Then, one has the following system of first-order differential equations for 7 , h and a: 



ti = A 



1 

Q 

l 

2Q 
2a 

Q 



-2h 

^ _ (a 2 _ i)i 



16 



-2h 

a 2 + 1 + ——{a 2 - If 



e 2h + -{a 2 - 1) 
4 



(5.1.15) 



and the values of (3 — cos a and (3 = sin a, which are given by: 



sin a 



ae 

~Q 



i2h 



cos a 



- \(a 2 -l) 

Q 



(5.1.16) 



It is interesting to notice that, when solving the quadratic eq. (5.1.13) to obtain (5.1.15) and 
(5.1.16), we have a sign ambiguity. We have fixed this sign by requiring that h' is always 
positive. It remains to verify the fulfillment of equation (5.1.7). Notice, first of all, that the 
radial projection (5.1.8) can be written as: 



(5.1.17) 



which, after taking into account that {T r ,T e i a 1 } = 0, can be solved as: 

e = eS r ' iffl eo , T r e = e . (5.1.18) 

Finally, inserting this parametrization of e into eq. (5.1.7), we get: 

a' = - e - h a . (5.1.19) 



But, by differentiating eq. (5.1.16) and using eq. (5.1.15), one can verify that (5.1.19) is 
automatically satisfied. 

In summary, Eq. (5.1.15) is a system of first-order differential equations whose solution 
determines the metric, dilaton and RR three-form of the background. The explicit expression 
of the Killing spinor can be read from (5.1.18), where e must also fulfil the projection (5.1.4). 
Clearly, this solution preserves four supersymmetries. 
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5.1.2 D = 10 supersymmetry and solution 

The type IIB ten dimensional metric corresponding to the analysis of the previous section, 
after performing an S-duality transformation in (1.4.33), is (Einstein frame): 

ds 2 w = e% [dxl 3 + e 2h ( d6 2 + sin 2 6d V 2 ) + dr 2 + -(w* - A 1 ) 2 ] , (5.1.20) 

where the vf were defined in (1.4.35) and is the dilaton: 

= -0 7 . (5.1.21) 

The unwrapped coordinates x^ have been rescaled and all distances are measured in units 
of Ng s a'. The solution of the type IIB supergravity includes a Ramond-Ramond three-form 
F( 3 ) given by: 

F (3) = -j(w 1 -A 1 )A(w 2 -A 2 )A(w 3 -A 3 ) + - £ F a A ( w a - A a ) , (5.1.22) 

where A and F are the ones in (5.1.2), (5.1.3). As usual, we want to plug this ansatz in 
the corresponding susy transformations (1.4.15) and enforce 5X = 5ip^ = 0. For the metric 
ansatz of eq. (5.1.20), let us consider the frame: 

e xi = e idx i , (i = 0,1,2,3) , 
e 1 = e i +h d9, e 2 = ei +h sinfldy? , 

e r = e%dr, e l = ^ (w? - A 1 ) , (i = 1,2,3). (5.1.23) 

The projection condition corresponding to the SUSY two-cycle reads: 

ri 2 e = f 12 e, (5.1.24) 

This is the ten dimensional equivalent of (5.1.4). Furthermore, the following projection is 
also needed: 

e = ie* . (5.1.25) 

From the seven dimensional point of view, this was imposed from the beginning (remember 
that the gauged supergravity we are using only has half of the maximal susy). Then, the 
supersymmetry calculation runs in complete analogy to section 5.1.1. The analogous to 
(5.1.8) is: 

r r f 123 e = (P + PT 2 T 2 )e , (5.1.26) 

where (3, f3 are the same as in eq. (5.1.9). Parametrizing them as in eq. (5.1.10), we can 
rewrite (5.1.26) as: 

r r fi 23 e = e aF2t 2 e , (5.1.27) 
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which, after taking into account that {r r f 123 , r 2 f 2 } = 0, can be solved as: 

e = e -t r ^ e0) r r f 123 e = eo . (5.1.28) 

Moreover, from the transformation of the radial component of the dilatino, an additional 
equation appears, governing the radial dependence of the spinor: 

d r e - I <P' e = , (5.1.29) 

o 

Thus, the explicit form of the ten dimensional Killing spinor is: 

e = e § Flfl e % v , (5.1.30) 
where 77 is a constant spinor satisfying: 

r x o... X 3 r i2 7] = 77 , r i2 ?7 = r i2 77 , 77 = irf . (5.1.31) 

We have made use of the fact that e is a spinor of definite chirality of type IIB supergravity, 
so it satisfies r 3 .o... a .3ri 2 r r .ri 23 e = e. If we multiply the radial projection condition (5.1.26) 
by T x o... x zTi2, we obtain a expression that will be useful for the kappa symmetry analysis 
that will be carried out in the next chapter: 

r x o... x 3 ( cosar^ + sinarir 2 )e = e . (5.1.32) 

The explicit solution 

By solving the system (5.1.15) (and taking into account 7 = — 0), one gets (see next section): 

2r 



a{r) 



sinh2r ' 



r 2 

e 2h = rcoth2r - 



sinh 2 2r 4 ' 

e -2<$> = e -Wo_l — (5.1.33) 
smh 2r 

where 0o is the value of the dilaton at r = 0. Near the origin r = the function e 2h behaves 
as e 2h ~ r 2 and the metric is non-singular. By plugging in eq. (5.1.14) the values of h and 
a given in eq. (5.1.33), one verifies that 

Q = r. (5.1.34) 

Then, one gets the following simple expression for cos a: 

2r 

cos a = coth2r — k — . (5.1.35) 

sinh 2r 

It is interesting to write here the UV and IR limits of a, namely 

7T 

lim a — , lim a — . (5.1.36) 
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The BPS equations (5.1.15) also admit a solution in which the function a(r) vanishes, 
i.e. in which the one-form A 1 has only one non-vanishing component, namely A 3 . We will 
refer to this solution as the abelian M = 1 background, and it is important as it corresponds 
to the UV limit of the associated gauge theory. Its explicit form can be easily obtained by 
taking the r — > oo limit of the functions given in eq. (5.1.33). Notice that, indeed a(r) — > 
as r — > oo in eq. (5.1.33). Neglecting exponentially suppressed terms, one gets: 



while can be obtained from the last equation in (5.1.33). The metric of the abelian 
background is singular at r = 1/4 (the position of the singularity can be moved to r = 
by a redefinition of the radial coordinate). This IR singularity of the abelian background is 
removed in the non-abelian metric by switching on the A 1 , A 2 components of the one- form 
(5.1.2). Moreover, when a = 0, the angle a appearing in the expression of the Killing spinors 
is zero, as follows from eq. (5.1.16). 

To finish this section, the potentials associated to the RR 3-form field strength and its 
Hodge dual will be given. Since dF^ = 0, one can represent in terms of a two-form 
potential C( 2 ) as F( 3 ) = dC^y Actually, it is not difficult to verify that C( 2 ) can be taken 
as: 



e 2h = r - - 
4 ' 



(a = 0) , 



(5.1.37) 




■ip ( sin QdQ A dip - sin 9d9 A dip ) 



— cos 9 cos 9dip A dip — 



a(d9 Aw 1 - sin 9dip A w 2 ) 



(5.1.38) 



Moreover, the equation of motion of F^ in the Einstein frame is G^e^i 7 ^) j = 0, where * 
denotes Hodge duality. Therefore it follows that, at least locally, one must have: 



e**F (3) = dC m , (5.1.39) 
with (7(6) being a six-form potential. It is readily checked that (7( 6 ) can be taken as: 

C (6 ) = dx° A dx 1 A dx 2 A dx 3 A C , (5.1.40) 



where C is the following two-form: 




e 2<P 



(V-l)a 2 e 



-2h 



lQe 2h ) cos9dipAdr - (a 2 -l) 



e~ 2h w 3 A dr + 




(5.1.41) 



5.1.3 Integrating the equations 



For the sake of completeness, the procedure for integrating the system (5.1.15) is briefly 
described in this section [74]. 
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The idea is to divide the equation for h! by that for a' in order to have a first order 
equation for ^ in which the annoying factor Q has disappeared. To use the same notation 
as [74], let us define: 

x = a\ R 2 = Ae 2h . (5.1.42) 

Then, eqs. (5.1.15) yield: 

d(R 2 ) 

x{R 2 + x-l) + R 2 (x + 1) + (x - l) 2 = . (5.1.43) 

Eq. (5.1.43) can be drastically simplified by using the parametrization: 

x = p 2 e^ , R 2 = - p 2 e^ - 1 , (5.1.44) 

dp 

so (5.1.43) reduces to: 

= 2e«W . (5.1.45) 

dp 2 

Up to a meaningless constant, which cancels out in the final expressions, the physical 
solution 3 is: 

£(p) = -21og(sinh(p-p )) . (5.1.46) 

It is not difficult to find the relation between p and the original radial variable r: p = 2r + c, 
where c is a new integration constant that is only a redefinition of the origin of r. Taking 
c = 0, and substituting (5.1.46) into (5.1.44), and back into (5.1.42), one can easily get: 

2r 

a[r) ■■ 



sinh 2(r — r ) 



r 2 1 



e 2h = rcoth2(r-r ) - — -2- (5.1.47) 

smh 2(r — r ) 4 

which clearly is (5.1.33) when r is taken to zero. On the other hand, this is the only way of 
having a smooth metric at the origin. Once these functions are known, the dilaton can be 
immediately found by direct integration (see (5.1.33)). 



5.2 Achievements of the Maldacena- Nunez model 

In order to verify that the Maldacena-Nunez solution is dual to Af = 1 SYM, we should 
be able to find the gauge theory information encoded by this background. This section 
will be devoted to making a brief overview of the literature on the subject and it will be 
shown how many field theory features have been successfully addressed from the gravitational 
perspective. Reviews on this topic can be found in [76, 77, 78, 79, 80]. Only the ideas and 
results will be discussed, without getting into deep details, the goal being just to give some 
insight on the duality. Problems like decoupling limits, comparison of scales and validity 
regimes will not be covered at all. 

3 £(p) = — 21og(sin( i o — po)) also solves this equation, but then, R 2 becomes negative. 
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It is also worth pointing out that generalizations of this duality have been explored: 
the dual of non-commutative M = 1 SYM was constructed in [81] while scenarios where 
supersymmetry is softly broken were considered in [82]. Moreover, some aspects regarding 
the complex geometry of the solution were studied in [41]. 

Confinement and magnetic monopoles 

The quark- ant iquark potential is basically the energy of a fundamental string extended along 
one of the x directions where the gauge theory lives. The action for such a string is given by 
the Nambu-Goto action 4 , S = (2-na'Y 1 J drda^—det g a b, where g ab is the pull-back of the 
string frame metric on the worldvolume of the string. Looking at the metric (5.1.20), one 
can immediately see that the string will prefer to stretch out sitting at r = 0, as the value 
of is minimum there (see eq. (5.1.33)). Its action reads (note that (5.1.20) is in Einstein 
frame, and to go to string frame, it must be multiplied overall by e^ 2 ): 

e <f>0 p p<t>0 

S = / dxdt T s = . (5.2.1) 

Therefore, the string tension does not vanish and the theory is confining. 

As stated in [37], magnetic monopole sources correspond to D3-branes wrapping an S 2 
and extending in the radial direction. The monopole-antimonopole potential is similar to the 
quark- ant iquark one, but in the action one must now further multiply by the volume of the 
S 2 . But this sphere shrinks in the r = limit, so the tension of the monopole-antimonopole 
string vanishes. Therefore, they are screened, not confined. 

U(l) R symmetry breaking, instantons and the gluino condensate 

The action of SU(N) Af = 1 SYM has an U(1) R symmetry at the classical level, which 
amounts to giving a phase to the gluino field: 

A -> e~ i£ \ , (5.2.2) 

where we define the parameter e G [0, 27r). However, at the quantum level, this symmetry 
is anomalous. From instanton calculation, it can be proved that the Yang-Mills angle gets 
modified: 

Oym -> YM + 2Ne . (5.2.3) 

The transformation is a symmetry of the theory only if the Qym does not get modified. 
Being defined with periodicity 2n, one needs 8ym &ym + 2nir, where n is some integer. 
So the parameter e can take the values e = nir/N with n — 0, . . . , 2N — 1, and U{1)r gets 
broken down to 7L2N- Furthermore, it is known that this symmetry group is spontaneously 
broken to 7L 2 in the IR because of the formation of a gluino condensate < A 2 >, whose 
transformation reads < A 2 >^ e - 2i ™/N < _\ 2 > ; so on iy two values of n leave it unchanged. 
Hence, the gauge theory has iV inequivalent vacua. 



4 see however the subsection below on string tensions for a more detailed analysis. 
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All this symmetry breaking can be nicely found in the gravity solution [37]. In the UV 
(i.e. when a = 0), there is an isometry of the metric (5.1.20): 

i>^i) + 2e. (5.2.4) 

We have written 2e in (5.2.4) so taking e from to 2tt corresponds to a period in if). This 
shift in ip is the gravitational counterpart of the U(1)r. However, (5.2.4) is not a symmetry 
of the full solution since it changes C( 2 ). Changing tp amounts to adding a closed, but not 
exact, form to the potential CV 2 ). This is a large gauge transformation, which is generically 
quantized. 

This effect can be seen quantitatively by obtaining the explicit expression of the 9ym angle 
in the gravity approach. With this purpose, let us consider a D5-brane probe wrapping the 
S 2 sphere of the geometry with a worldvolume gauge field strength F excited [83]. The 
quadratic action for this F will be the bosonic action of the gauge field of M = 1 SYM, after 
integrating over the S 2 . The probe action is a sum of a Born-Infeld and a Wess-Zumino 
term: 

S = -T 5 J (fa e-y# str + 2vra'F + T 5 J C A e 2wa ' F . (5.2.5) 
By inserting the solution and comparing with the bosonic action: 

S YM = - / d*s F^ Ff + ^ / d 4 * F^ *Ff , (5.2.6) 

we obtain the following expressions (the last term comes from the Cp) A F A F coupling): 

1 



■K) 6 a'q. Js 2 



g\, u 2(2i)%' ft 

*™ = ski c «' (5 - 27) 

where G is the induced metric on the S 2 . We have made use of the expression for the tension 
of a D5 brane: T 5 = ((27r) 5 5f s a; /3 )~ 1 . (5.2.7) can also be obtained by considering an instanton 
in the gravitational setup, which is an euclidean Dl-brane wrapping the same S 2 [37], and 
comparing its action to the field theory instanton action [84, 76]. 

In order to perform the explicit integration of (5.2.7), we need the parametrization of the 
two-sphere. There are two equivalent choices for this cycle [85] 5 . Notice that the S 2 shrinks 
as r — > 0: 

9 = 7T -9 , (p = f , ^ = ^0 

9 = 9 , ^ = 2tt - y? , ^ = ^o- (5.2.8) 

Inserting it in (5.2.7), one gets the gauge coupling (we now insert in the solution the factor 
Ng s a' that had not been considered up to now and which comes from the quantization 



5 A first choice for this cycle [83] was to take constant 9, dp and ^. It was corrected in [85] after some 
problems with the beta function were pointed out in [86]. 
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of the RR charge corresponding to iV D5-branes. It multiplies the RR forms and all the 
components of the metric except those on the 1+3 unwrapped x directions): 

1 N . 

-t, — = - — 7; r tanhr , (5.2.9) 
9ym 4vr 2 

and, at large r, the value of the Yang-Mills angle: 

9 YM = N% . (5.2.10) 

Now, imposing that 9ym — > Gym + 2mr under (5.2.4) transformations, the parameter can 
only be e = nn/N with n = 0, . . . , 2N — 1 , in perfect agreement with the field theory 
analysis. Therefore, we have found the UV quantum anomaly U(1)r —> 2L 2 n from the 
gravity approach. 

By considering the full solution up to the IR, which amounts to taking a ^ 0, the only 
surviving symmetry from the initial U(1)r is ip — > ip + 2n and has only two possible values 
for each case in (5.2.8). The function a plays the same role as the gluino condensate in the 
spontaneous breaking to 7L 2 , so it is natural to think that it is its gravitational counterpart 
(the same conclusion can be reached by looking for the fields to which a couples [87]): 

< A 2 >^a(r) . (5.2.11) 

We see that the function a(r), which is needed for the sugra solution to be smooth when 
r — > 0, is also responsible of the gravity description of non-trivial gauge theory effects in the 
IR, i.e. of the 7L 2 n ^2 spontaneous R-symmetry breaking. 



The /3-function 

Eq. (5.2.9) shows the evolution of the coupling constant in terms of the radial variable r. 
From general grounds in holography, we know that it has to be related to the energy scale 
of the gauge theory. Large values of r correspond to the UV (where one finds asymptotic 
freedom, as expected) while r — * is the IR. In order to obtain the precise radius-energy 
relation, the statement (5.2.11) has been used [83]. The operator < A 2 > has non-anomalous 
dimension 3, and so < A 2 >= cA 3 , where A is the dynamically generated scale of the gauge 
theory. Thus, we can write: 

a(r) = ^ , (5.2.12) 

fj, being an arbitrary mass scale introduced to regulate the theory. By using (5.2.9) and 
(5.2.12), one can now easily compute the beta function: 

Ma \ - d9YM - QgYM — 3 - (, NdYu Y 1 ( , 9 ,o ) 

Pi9YM) ~ 91ogWA) - Q,. d \0g^/A)~ 6 167T 2 [ L 87T 2 ) ■ [b - IA6) 

For the last step, terms exponentially suppressed in r have been neglected. This is exactly the 
NSVZ /3-function, which was calculated in [88], using a Pauli-Villars regularization scheme. 

This result seems surprising since in the AdS/CFT duality, the validity of the gravity 
approach is limited to the strong coupling regime of the gauge theory. Therefore, it is 
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puzzling that we are finding the correct /3-function in the perturbative regime. The answer 
to this question may go along the lines of [89]. There, by computing an annulus diagram, 
it was proved that the open/closed string duality allows the perturbative regime of a non- 
conformal gauge theory to be encoded in a supergravity solution. The calculation is made for 
particular cases where the sugra dual is constructed with fractional branes in orbifolds. The 
Maldacena-Nunez case might have the same property. However, an analogous calculation in 
the background we are dealing with is much more difficult and has not been done. 
For a deeper discussion on the /5-function just obtained, see [76]. 

String tensions 

A g-string is a tube connecting a set of q quarks with a set of q antiquarks in a SU(N) 
gauge theory. If T q+q i < T q + T q >, it will not decay in q separate 1-strings. In ref. [90], 
these objects were studied from the gravitational point of view. They are represented by a 
bunch of fundamental strings placed at r = and extended in the x direction. Because of 
the presence of the RR potential, the Myers polarization effect blows the F-strings up into 
a D3-brane, extending in the x direction and wrapping an S 2 inside the finite S 3 . The size 
of the S 2 depends on the number q. The tension of the g-string is the energy density of the 
D3-brane after integration in the S 2 directions. 

The calculation goes like that of [91] where a D2-brane in an NS background was con- 
sidered. The generalization to RR background was performed in [92], and the relation to 
Myers effect was explicitly shown in [93]. One finds: 

T g = csin^, (5.2.14) 

where c is a constant, related to an IR scale of the gauge theory. This result agrees with 
the ones obtained from other approaches (see [90] for references). The constant c can be 
determined by direct calculation or by noting that for q — 1 (and large N), the result of 
(5.2.1) should be recovered. Then we have c = §^7. Notice that when q = N, the set of 
quarks and the set of antiquarks form separate colorless states (a baryon and an antibaryon) 
and therefore the tension vanishes. 

BPS domain walls 

As we have seen, M = 1 SYM is characterized by a set of N different vacua. There exist 
domain wall configurations that interpolate between them. They are BPS states and preserve 
half of the supersymmetries. Their tension is related to the different vevs for the gluino 
condensate at both sides of the domain wall. 

The corresponding object in the supergravity setup is a stack of n D5-branes wrapped 
on the S 3 of the geometry, and extended in three of the unwrapped space-time directions, 
say, x , Xi, x 2 . Then, going from x 3 = —00 to x 3 = 00 amounts to crossing the domain 
wall and therefore moving from one vacuum into another. It can be shown [84] that crossing 
the domain wall implies a shift in the angle ip such that Aip = 2nn/N . Hence, choosing n 
among n — 1, . . . N — 1 one can have a domain wall between any pair of vacua, in perfect 
agreement with what is expected from field theory. 
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The D5-branes will wrap the S* 3 at r = 0, where its volume is minimum. This agrees 
with the fact that the domain walls (even the existence of N vacua) is an infrared effect. 
Furthermore, the fact that QCD-strings can end in domain walls is perfectly reproduced as 
their gravity counterpart are F-strings (or their blow-up to D3 a la Myers), which can end 
in the D5-brane domain walls. 

It is worth pointing out that the field theory interpretation of different possible brane 
probes is summarized in ref. [84]. 

The Veneziano-Yankielowicz potential 

In ref. [94], Veneziano and Yankielowicz constructed an effective action for M = 1 SYM. 
They showed that non-perturbative (IR) effects give rise to an effective superpotential of the 
form: 

W VY = -NS (l-log-^) , (5.2.15) 

where S is a gauge invariant superfield that contains the composite operator A 2 . Indeed, 
the fact that this potential has a minimum leads to the existence of a non-trivial vacuum 
expectation value for < A 2 >, the gluino condensate. 

It was argued by Vafa [40] that such kind of potentials may be found in string theory 
duals by integrating over certain cycles the fluxes present in the solution (that appear after 
geometric transitions). The Veneziano-Yankielowicz potential was found following this ap- 
proach in different supergravity duals of M = 1 SYM [40, 38, 95]. However, it is difficult to 
use such a procedure in the MN model because of the varying dilaton. 

An alternative approach was presented in [96]. The proposal is to relate the VY potential 
to the potential that feels a brane probe. Partial success was achieved, but further research 
may be required. 

Glueballs 

The glueball spectrum of the theory was analyzed in ref. [97]. In the spirit of AdS/CFT 
correspondence, the idea is to look for the supergravity mode that couples to the gauge 
invariant operator of the field theory. In this case, the dilaton field couples to TrF 2 , which 
corresponds to a glueball with quantum numbers J PC = ++ . Therefore, the fluctuation 
spectrum of the dilaton should yield the mass spectrum of this kind of glueballs (the fluc- 
tuations of the RR potential C(2), dual to 1 glueballs, were also studied). By considering 
an ansatz for the dilaton fluctuation: 

<Z>(x,r) = ®{r)e ik - x , (5.2.16) 

one reaches the equation of motion: 

d r (e 2<p+2h d r $) + M 2 e 2<t>+2h § = , (5.2.17) 

where M 2 = kQ — \k\ 2 is the mass in the four dimensional theory. Dependence of the 
fluctuation field on the angular coordinates of the compact space would lead to solutions 
where the Kaluza-Klein modes (not present in the field theory) contribute. 



106 



CHAPTER 5. THE MALDACENA-NUNEZ MODEL 



Unfortunately, eq. (5.2.17) does not lead to a discrete spectrum. As argued in [97], this 
is due to the fact that one cannot trust the solution (5.1.20), (5.1.22), (5.1.33) all the way 
to the UV because the dilaton grows unbounded. One should perform an S-duality at some 
point. This can be simulated by taking a cutoff A and imposing by hand that the fluctuations 
for r > A vanish. This may seem awkward at first sight, but glueballs are an IR effect, and 
there is a scale really present in the theory: the scale at which gluinos condense and the IR 
regime is reached. The precise value of A is not clear but it must be in the region 2 < A < 5. 
The form of the spectrum obtained depends on the concrete value of A. A pattern similar 
to what is obtained from other supergravity models is found by taking A m 3.5 

In section 6.6, the same problem will appear when calculating the meson spectrum of the 
theory with flavor. 

The theory with flavor 

This topic will be developed in the next chapter. However, for the sake of completeness of 
this section, some ideas and results are summarized here. 

When there is a gauge theory living on some brane worldvolume, matter transforming 
in the fundamental representation is described by fundamental strings with one end on the 
gauge theory brane. The other end of the string must be attached to some other brane, 
which will be called flavor brane. From the analysis of the M = 1 SYM theory, it has been 
known for a long time that one can add flavor (massive quarks) without reducing the number 
of supercharges. Therefore, if one wants to describe this effect from the supergravity dual, 
one must find a locus where the flavor brane can be placed without further breaking the 
supersymmetry of the background. 

Moreover, as discussed in [98], the flavor brane must be space-time filling in the space- 
time dimensions where the field theory lives and also in the holographic (radial) direction. 
That the brane extends to infinity in the radial direction is pleasant from a holographic 
point of view, because to introduce something new in the field theory, something should be 
modified on the boundary of the gravity setup. In [98], it was also argued that if the quarks 
are to have a finite mass, the flavor brane should extend only up to a minimum value of 
r (vanishing in thin air), because the quark mass is related to the minimum energy that a 
string stretched between both branes can have. 

In [99] , by analyzing the spectrum of massless modes of strings going from one brane to 
another, it was concluded that this addition of supersymmetric flavor can be done with D9- 
branes or with D5-branes extending orthogonally to the gauge theory branes in two directions 
of the Calabi-Yau space. 

In [11] (see next chapter), the possible positions for these D5-branes were found explicitly 
by /t-symmetry analysis. The solutions fulfil all the conditions stated above. Moreover, 
there is one parameter that can be naturally related to the mass of the quark. With the 
explicit expression of the solutions, one can see the gravity counterpart of a number of known 
phenomena of the gauge theory: U(1)r symmetry breaking by the formation of an squark 
condensate, non-smoothness of the limit m q — * and U (1) b baryonic symmetry preservation. 
Moreover, a formula for the mass spectrum of the mesons is given. All the analysis is made in 
the probe approximation, that corresponds to the limit of the gauge theory with Nf <C N c . 



Chapter 6 



Supersymmetric probes in the MN 
model: flavor 

6.1 Introduction 

Two related problems in the context of the supergravity dual to M = 1 SYM will be studied 
in this chapter [11]. One of the problems is finding kappa symmetric D5-brane probes in 
this particular background. The other is the use of these probes to add flavors to the gauge 
theory. We will find a rich and mathematically appealing structure of the supersymmetric 
embeddings of a D5-brane probe in this background. Besides, we compute the mass spectrum 
of the low energy excitations of M = 1 SQCD (mesons) and match our results with some 
field theory aspects known from the study of supersymmetric gauge theories with a small 
number of flavors. 

Most of the analysis carried out with the background of [37] (see the previous chapter) 
do not incorporate quarks in the fundamental representation which, in a string theory setup, 
correspond to open strings. In order to introduce an open string sector in a supergravity dual 
it is quite natural to add D-brane probes and see whether one can extract some information 
about the quark dynamics. As usual, if the number of brane probes is much smaller than 
those of the background, one can assume that there is no backreaction of the probe in 
the bulk geometry. In this chapter, we follow this approach and we will probe with D5- 
branes the supergravity dual of M = 1 SYM. Since we will interpret the brane probes as 
introducing flavor, the results for the dual gauge theory can only be valid for the so-called 
quenched approximation, where the number of flavors is much less than the number of colors 
(Nf <C N). Obviously, one cannot go beyond this limit without finding the backreacted 
supergravity background. 

The main technique to determine the supersymmetric brane probe configurations is kappa 
symmetry [100], which tells us that, if e is a Killing spinor of the background, only those 
embeddings for which a certain matrix T K satisfies: 

T K e = e (6.1.1) 

preserve the supersymmetry of the background [101]. The matrix T K depends on the metric 
induced on the worldvolume of the brane. Therefore, if the Killing spinors e are known, we 
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can regard (6.1.1) as an equation for the embedding of the brane. We will be able to find 
embeddings where the brane probe preserves exactly the same susy as the background and 
no additional projections are needed. 

The starting point in this program will be the simple expression for the Killing spinor of 
the background found in section 5.1.2. 

The probes we are going to consider are D5-branes wrapped on a two-dimensional sub- 
manifold. By inserting in (6.1.1) the projections (5.1.24), (5.1.25) and (5.1.26), we will be 
able to find some differential equations for the embedding. They are, in general, quite com- 
plicated to solve. The first obvious configuration one should look at is that of a fivebrane 
wrapped at a fixed distance from the origin. In this case the equations simplify drastically 
and we will be able to prove a no-go theorem which states that, unless we place the brane 
at an infinite distance from the origin, the probe breaks supersymmetry. This result is con- 
sistent with the fact that these M = 1 theories do not have a moduli space. In this analysis 
we will make contact with the two-cycle considered in ref. [85] and show that it preserves 
supersymmetry at an asymptotically large distance from the origin. 

Guided by the negative result obtained when trying to wrap the D5-brane at constant 
distance, we will allow this distance to vary within the two-submanifold of the embedding. To 
simplify the equations that determine the embeddings, we first consider the singular version 
of the background, in which the vector field of the seven dimensional gauged supergravity is 
abelian. This geometry coincides with the non-singular one, in which the vector field is non- 
abelian, at large distances from the origin. By choosing an appropriate set of variables we will 
be able to write the differential equations for the embedding as two pairs of Cauchy-Riemann 
equations which are straightforward to integrate in general. Among all possible solutions, 
we will concentrate on some of them characterized by integers, which can be interpreted as 
winding numbers. Generically these solutions have spikes, in which the probe is at infinite 
distance from the origin and, thus, they correspond to fivebranes wrapping a non-compact 
submanifold. Moreover, these configurations are worldvolume solitons and we will verify 
that they saturate an energy bound [102]. 

With the insight gained by the analysis of the worldvolume solitons in the abelian back- 
ground we will consider the equations for the embeddings in the non-abelian background. 
In principle, any solution for the smooth geometry must coincide in the UV with one of the 
configurations found for the singular metric. This observation will allow us to formulate an 
ansatz to solve the complicated equations arising from kappa symmetry. Actually, in some 
cases, we will be able to find analytical solutions for the embeddings, which behave as those 
found for the singular metric at large distance from the origin and also saturate an energy 
bound, which ensures their stability. 

One of our motivations to study brane probes is to use these results to explore the 
quark sector of the gauge/gravity duality. Actually, it was proposed in refs. [98, 103] that 
one can add flavor to this correspondence by considering space-time filling branes. Open 
strings coming into the gauge theory brane from the flavor brane represent the quarks, 
and the fluctuations of the branes introducing flavor will be low energy excitations of the 
gauge theory, which are mesons. In ref. [104] this program has been made explicit for the 
AdS 5 x S* 5 geometry of a stack of D3-branes and a D7-brane probe. When the D3-branes 
of the background and the D7-brane of the probe are separated, the fundamental matter 
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arising from the strings stretched between them becomes massive and a discrete spectrum of 
mesons for an Af = 2 SYM with a matter hypermultiplet can be obtained analytically from 
the fluctuations of a D7-brane probe. In ref. [105] a similar analysis was performed for the 
Af = 1 Klebanov-Strassler background [36], while in refs. [106, 107] the meson spectrum for 
some non-supersymmetric backgrounds was found (for recent related work see refs. [95, 108]). 

It was suggested in ref. [99] that one possible way to add flavor to the Af = 1 SYM 
background is by considering supersymmetric embeddings of D5-branes which wrap a two- 
dimensional submanifold and are space-time filling. Some of the configurations we will find 
in our kappa symmetry analysis have the right ingredients to be used as flavor branes. 
They are supersymmetric by construction, extend infinitely and have some parameter which 
determines the minimal distance between the brane probe and the origin. This distance 
should be interpreted as the mass scale of the quarks. It corresponds to what in [98] is called 
branes vanishing in thin air. They vanish from a five dimensional point of view (the four 
space-time dimensions plus the radial, holographic dimension) since, as explained above, 
there is a minimal radial distance. However, from a ten dimensional point of view, the 
configuration is perfectly smooth. 

Moreover, these brane probes capture geometrically the pattern of R-symmetry breaking 
of SQCD with few flavors [109]. Consequently, we will study the quadratic fluctuations 
around the static probe configurations found by integrating the kappa symmetry equations. 
We will verify that these fluctuations decay exponentially at large distances. However, we 
will not be able to define a normalizability condition which could give rise to a discrete 
spectrum. The reason for this is the exponential blow up of the dilaton at large distances. 
Actually, the same difficulty was found in ref. [97] in the study of the glueball spectrum for 
this background. As proposed in ref. [97] , we shall introduce a cut-off and impose boundary 
conditions which ensure that the fluctuation takes place in a region in which the supergravity 
approximation remains valid. The resulting spectrum is discrete and, by using numerical 
methods, we will be able to determine its form. 

In section 6.2 we obtain the kappa symmetry equations which determine the supersym- 
metric embeddings. In section 6.3 we obtain the no-go theorem for branes wrapped at fixed 
distance. In section 6.4 the kappa symmetry equations for the abelian background are inte- 
grated in general and some of the particular solutions are studied in detail. Section 6.5 deals 
with the integration of the equations for the supersymmetric embeddings in the full non- 
abelian background. Readers more interested in the gravity version of the addition of flavors 
to Af = 1 SYM may take for granted all these results and look at the solutions exhibited 
in eqs. (6.4.19), (6.4.22) and (6.5.15), which are what we called "abelian and non-abelian 
unit-winding solutions". Then, they should go straight to section 6.6, where the spectrum 
of the quadratic fluctuations is analyzed and the gauge theory interpretation is explained. 
Moreover, an appendix is devoted to the asymptotic form of the fluctuations. 

6.2 Kappa symmetry 

As mentioned above, the kappa symmetry condition for a supersymmetric embedding of a 
D5-brane probe is T K e = e (see eq. (6.1.1)), where e is a Killing spinor of the background. 
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For e such that e = it* and when there is no worldvolume gauge field, one has: 

! ' e m ™ 7mi ... ma , (6.2.1) 



6! J=g 

where g is the determinant of the induced metric g mn on the worldvolume 

g mn = d m X»d n X»G^ , (6.2.2) 

with being the ten-dimensional metric and 7 mi ... me are antisymmetrized products of 
worldvolume Dirac matrices r y m , defined as: 

7m = d m X»e«r a . (6.2.3) 

The vierbeins e ;, are the coefficients which relate the one-forms e a of the frame and the 
differentials of the coordinates, i.e. e a = e^dX^ . The ten dimensional vierbein that we will 
use for the Maldacena-Nunez background is written in (5.1.23). Let us take as worldvolume 
coordinates (x°, ■ ■ ■ , x 3 , 9, tp). Then, for an embedding with 9 = 9(9, tp), tp = tp(9,tp), ip = 
ip(9, tp) and r = r(9, (p), the kappa symmetry matrix T K takes the form: 

r^o...^ 7^ , (6.2.4) 



V-9 

with 76)^ being the antisymmetrized product of the two induced matrices 70 and 7^, which 
can be written as: 

e -i ld = e h Y l + (V ie + I ) f ! + V 2 g f 2 + V 3e f 3 + d e rV r , 

= e h T 2 + V lip f 1 + (V 2ip -£)f 2 + ^f 3 + -4r r , (6.2.5) 
sin 6* ^2 sin 6* 

where the V^'s can be obtained by computing the pullback on the worldvolume of the left 
invariant one-forms w l (see (1.4.35)), and are given by: 

Vw = - cos tp dg9 + - sin ip sin 9 dg tp , 

1 1 

sin 9 V\^ = - cos ip 8^9 + - sin ip sin 9 <p , 

1 _ _ 1 _ 
Vie = — 77 sin tpdg9 + - cos ^ sin 9 dg p , 



1 1 

sin^V-^ = — - sin^c^fl + - cos ij) sin 6* <p , 



V30 = - dg^J + - COS 9 dg p , 

1-1 1 

sinflVj^ = -<9^ + 7j cos ^d^p + - cos 6* . (6.2.6) 
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By using the projections (5.1.24) and (5.1.26) one can compute the action of j gip on the 
Killing spinor e. It is clear that one arrives at an expression of the type: 

-± 

e 2 ~ 

~ ~p. le v e = ci 2 r 12 + c 12 T 1 T 2 + c xi T^i + c^TiI^ + 
sm0 

+ c i3 fi 3 + c 23 f 23 + c 2 3r 2 f 3 ]e , (6.2.7) 

where the c's are coefficients that can be explicitly computed. By using eq. (6.2.7) we 
can obtain the action of T K on e and we can use this result to write the kappa symmetry 
projection T K e = e. Actually, eq. (6.1.1) is automatically satisfied if it can be reduced to eq. 
(5.1.32). If we want this to happen, all terms except the ones containing T 12 e and I\ T 2 e on 
the right-hand side of eq. (6.2.7) should vanish. Then, we should require: 

c ii = c 13 = C 13 = C 23 = C 23 = • (6.2.8) 

By using the explicit expressions of the c's one can obtain from eq. (6.2.8) five conditions 
that our supersymmetric embeddings must necessarily satisfy. These conditions are: 

e h (V lip + V 2e )=0, (6.2.9) 

CI d T' 

e h (V 3(p + cos ad e r) + (V 2ip - -) sinacV - V 26 sin a = , (6.2.10) 

Zi sin u 

(V ie + ^)V 3(p - V 39 V lip - e h s\nad e r + 

Qj d V 

+ {V2 V - - ) cosacV - V 2d cosa -r— = , (6.2.11) 
2 sin 

V 3ip V 2e - V 36 ( V 2ip - I ) - V lip cos a d e r + 



+ (e h sma + (V w + £ ) cos a) ^- = , (6.2.12) 
V 2 / sm0 

sin a V lv d e r - e h V 36 + ( e h cos a - (V w + - ) sin a ) = . (6.2.13) 

V 2 / sin 

Moreover, if we want the kappa symmetry projection T K e = e to coincide with the SUGRA 
projection, the ratio of the coefficients of the terms with F 1 T 2 e and T 12 e must be tan a, i. e. 
one must have: 



tana = . (6.2.14) 
C12 



The explicit form of c 12 and c 12 is: 



C12 = e + ^ - V20 Vi v - - ( V ie - V 2l n) - — - cos aV 3ip d e r + cosaV^^- , 

2 4 smt' 

c 12 = e A ( V 2(p - V w ~ a ) - sin aV 3lf d e r + sin aV 3e -r— . (6.2.15) 

sin 6* 
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Amazingly, except when r is constant and takes some value in the interval < r < oo (see 
section 6.3), eq. (6.2.14) is a consequence of eqs. (6.2.9)-(6.2.13). Actually, by eliminating 
V30 of eqs. (6.2.12) and (6.2.13), and making use of eqs. (6.2.9) and (6.2.10), one arrives at 
the following expression of tana: 

e h ( V 2ip - V ie - a ) 
tana = T ■ 6.2.16 

e 2h + V 16 V 2ip - V 2e V llfi - § (V ie - V 2(f ) - f 

Notice that the terms of c 12 (ci 2 ) which do not contain sin a (cos a) are just the ones in the 
numerator (denominator) of the right-hand side of this equation. It follows from this fact 
that eq. (6.2.14) is satisfied if eqs. (6.2.9)-(6.2.13) hold. Moreover, by using the values of 
cos a and sin a given in eq. (5.1.16), one obtains the interesting relation: 

(l + a 2 + Ae 2h )(V w - V 2ip )=4a(V 2 2 + V w V 2ip - i) . (6.2.17) 

The system of eqs. (6.2.9)-(6.2.13) is rather involved and, although it could seem at first 
sight very difficult and even hopeless to solve, we will be able to do it in some particular 
cases. Moreover, it is interesting to notice that, by simple manipulations, one can obtain the 
following expressions of the partial derivatives of r: 

d e r = -cosaV 3ip + sinae~ A [(V ie + | ) V 3ip - V 3e V 1(p } , 

d v r = cos a sin 9V 36 + sin a sin^T 71 [(V 2ip - | ) V 36 - V 3(p V 26 ] , (6.2.18) 
which will be very useful in our analysis. 



6.3 Branes wrapped at fixed distance 

In this section, we will consider the possibility of wrapping the D5-branes at a fixed distance 
r > from the origin. It is clear that, in this case, we have dgr = d^r = and many of the 
terms on the left-hand side of eqs. (6.2.9)-(6.2.13) cancel. Moreover e h is non-vanishing when 
r > and it can be factored out in these equations. Thus, the equations (6.2.9)-(6.2.13) of 
kappa symmetry when the radial coordinate r is constant and non-zero reduce to: 

V lip + V 20 = V 3lf = V 36 = . (6.3.1) 

From the equations V 3(p = V 3 g = we obtain the following differential equations for ip : 

dei> = —cosOdefi , d^ip — —cosOd^Cp — cos 9 . (6.3.2) 

The integrability condition for this system gives: 

d v Bd 9 (p - d 9 Bd v (p = ^4 • ( 6 - 3 - 3 ) 

sin 9 
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By using this condition and the definition of the V's (eq. (6.2.6)) one can prove that: 



VwV2 V — V\<r,ViQ — —- ■ 



(6.3.4) 



Let us now define A as follows: 

V 2ip - V 1B = A . (6.3.5) 

By using the expression of the V's in terms of the angles, one can combine eq. (6.3.5) and 
the condition Vi v + V20 = in the following matrix equation 



/ cos-0 sin^N 
\ — sinip cosip J 



( sm9de9 — sm9d< p (p\ 
\ sin 9 sin 9d e <f> + dj) J 



/-2Asin#\ 



V 







(6.3.6) 



Since the matrix appearing on the left-hand side is non-singular, we can multiply by its 
inverse. By doing this one arrives at the following equations: 

deO - ^^rdtptp = -2 A cos^ , 
sm9 



d^9 
sin 9 



+ sin9d e (p = — 2 A sin^ 



(6.3.7) 



Substituting the derivatives of 9 obtained from the above equations into the integrability 
condition (6.3.3) we obtain after some calculation 



sin 2 9 do<p + A 



sin-?/' 



sin 1 



+ 



sin 2 fl 
sin 2 # 



d v (f — A cos-0 



sin 9 
sin 9 



A 2 - 1 . 



(6.3.8) 



The left-hand side of eq. (6.3.8) is non-negative. Then, one obtains a bound for A: 

A 2 > 1 . (6.3.9) 

Notice that we have not imposed all the requirements of kappa symmetry. Indeed, it still 
remains to check that the ratios between the coefficients ci 2 and c 12 is the one corresponding 
to the projection of the background. Using eq. (6.3.4) and the definition of A (eq. (6.3.5)), 
one obtains: 



C12 = e 2h + a - - 



1 



Then, one must have: 



tana 



e h (A - a) 



c 12 = e (A - a) 



ae 



e 2h + a % 



a 2 +l 



e 2h + 1^ ' 



(6.3.10) 



(6.3.11) 



where we have used the values of sin a and cos a given in the eq. (5.1.16). If e h is non-zero 
(and finite), we can factor it out in eq. (6.3.11) and obtain the following expression of A: 



2a 



1 + a 2 + Ae 2h 



(6.3.12) 
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Notice that A depends only on the coordinate r and is a monotonically decreasing function 
such that 0<A<lforO<r<oo and 



lim A = 1 , 

r-»0 



lim A = . 



(6.3.13) 



As A < 1, the bound (6.3.9) is not satisfied and, thus, there is no solution to our equations 
for < r < oo. Notice that this was to be expected from the lack of moduli space of the 
N = 1 theories. 

Let us now consider the possibility of placing the brane probe at r — > oo. Notice that 
in this case eq. (6.3.11) is satisfied for any finite value of A. However, the value A = 1 
is special since, in this case, the right-hand side of eq. (6.3.8) vanishes and we obtain two 
equations that determine the derivatives of <p, namely: 



d d ip 



sin ip 
sin 9 



d^Cp 



~ sin 9 

COS If) 

sin 9 



(6.3.14) 



Using these equations into the system (6.3.7) for A = 1 one gets the following equations for 
the derivatives of 9: 



d v 6 = 



sin 9 sin ip , 



dg9 = — costp , 
and, similarly, the equations (6.3.2) for ip become: 

dgip = sin ip cot 9 , d^ip = — sin 9 cot 9 cos ip — cos 9 



(6.3.15) 



(6.3.16) 



The equations (6.3.14) and (6.3.15) can be regarded as coming from the following identifi- 
cations of the frame forms in the (9, f) and (9, <p) spheres: 



( d~9 \ 



\ sin 9dip ) 



I cos ip 
\ simp 




( -d9 



\ sin 



(6.3.17) 



The differential equations (6.3.16) are just the integrability conditions of the system (6.3.17). 
Another interesting observation is that one can prove by using the differential eqs. (6.3.14)- 
(6.3.16) that the pullbacks of the SU(2) left-invariant one-forms are 



Plw 1 ] = -de , 



P[w 2 ] = sin 9d(p , 



P[ w 3 ] = -cos9dip . (6.3.18) 



Let us try to find a solution of the differential equations (6.3.14)-(6.3.16) in which 9 = 
9(9) and (p = <p(<p). The vanishing of d v 9 and dg<p immediately leads to siinip = or 
if; — 0,7r (mod 27r). Thus if> is constant in this case. Let us put cosip — r] — ±1. The 
vanishing of dgip is automatic, whereas the condition d v ip = leads to a relation between 9 
and 9: 

cot 9 = -r] cot 9 (6.3.19) 

In the case ip = 0, one has r\ = 1 and the previous relation yields 9 = n — 9. Notice that 
this relation is in agreement with the first equation in eq. (6.3.15). Moreover, the second 
equation in (6.3.14) gives (p — ip. Similarly, one can solve the equations for ip = n. The 
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solutions in these two cases are just the ones used in ref. [85] in the calculation of the beta 
function (with some correction in the ip = case to have the correct range of 9 and 6), 
namely: 

9 = it — 9 , (p — ip , ip = (mod 2ir) , 

9 = 9, <p = 2tt - ^ , ip = ir (mod 2vr) . (6.3.20) 

It follows from our results that the embedding of ref. [85] is only supersymmetric asymp- 
totically when r — > oo. In this sense, although it is somehow distinguished, it is not unique 
since for any embedding such that the Vs are finite when r — > oo, the determinant of the 
induced metric diverges as y/—g ~ e~ +2h and the only term which survives in the equation 
T K e = e is the one with the matrix T 12 , giving rise to the same projection as the background 
for r — > oo. 



6.4 Worldvolume solitons (abelian case) 

Let us consider the case a = a = in the general equations of section 6.2. From equations 
(6.2.9) and (6.2.17) we get the following (Cauchy-Riemann like) equations: 

V w = V 2lf , V llfi = -V 2e , (6.4.1) 

whereas, from eq. (6.2.18) we obtain that the derivatives of r are given by: 

r e = -V 3v , r ip = sm9V 39 , (6.4.2) 

where rg = dgr and r v = d^r. It can be easily demonstrated that, in this abelian case, 
the full set of equations (6.2.9)-(6.2.13) collapses to the two pairs of equations (6.4.1) and 
(6.4.2). Notice that c 12 = when a = a = and eq. (6.4.1) holds and, thus, eq. (6.2.14) is 
satisfied identically. 

Let us study first the two equations (6.4.1). By using the same technique as the one 
employed in section 6.3 to derive eq. (6.3.7), it can be shown easily that they can be written 

as: 

sin9d e 9 = sin^c^yS , dj) = — sin 9 sin 9d e (f> ■ (6.4.3) 

In order to find the general solution of eq. (6.4.3), let us introduce a new set of variables u 
and u as follows: 

9 9 
u = log tan - , u = log tan - . (6.4.4) 

Then, eq. (6.4.3) can be written as the Cauchy-Riemann equations in the (u, ip) and (u, <p) 
variables, namely: 

du = dip_ du = _<9y3 

du dip ' dip du 

Since u, u e (— oo, +oo) and ip, <p e (0, 2ir), the above equations are the Cauchy-Riemann 
equations in a band. The general solution of these equations is of the form: 

u + ip> = f(u + iip) , (6.4.6) 
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where / is an arbitrary function. Given any function /, it is clear that the above equation 
provides the general solution 9(9, tp) and tp(9, tp) of the system (6.4.3). 

Let us turn now to the analysis of the system of equations (6.4.2), which determines 
the radial coordinate r. By using the explicit values of and V30, these equations can be 
written as: 

1 ^7 1 cos 6 1 1 

sm.9 n ~ sin 6* ~ n _ . t . 

r> = — d e^ + — cos6d e p , (6.4.7) 

where 9(9, tp) and tp(9, tp) are solutions of eq. (6.4.3). In terms of the derivatives with respect 
to variable u defined above (sin 9de = d u ), these equations become: 



r u = -- d^ip - i cos&d^tp - - cos6» , 



r ? = \ + \ cos &9 u tp . (6.4.J 



The integrability condition of these equations is just (9^r M = d u r v . As any solution (9, tp) of 
the Cauchy-Riemann equations (6.4.3) satisfies: 

d^d^tp = -d u 9d u <p , (6.4.9) 

and, since tp, being a solution of the Cauchy-Riemann equations, is harmonic in (u,tp), it 
follows from (6.4.8) that d v r u = (9 u r^ if and only if ip is also harmonic in (u, tp), i.e. the 
differential equation for tp is just the Laplace equation in the (u, p) plane, namely: 

d$ + d 2 J = 0. (6.4.10) 

Remarkably, the form of r(9, tp) can be obtained in general. Let us define: 

ff ~ f d9 

K(9,tp) = / dtpsm9d e tp(9,tp) - / — 0^(9,0) , (6.4.11) 
Jo J sin 9 

It follows from this definition and the fact that tp is harmonic in (u, tp) that tp and A also 
satisfy the Cauchy-Riemann equations: 

— = ^ , — = . (6.4.12) 

dtp du ' du dtp 

Thus tp and A are conjugate harmonic functions, i.e. tp + iAis an analytic function of u + itp. 
Notice that given A one can obtain tp by integrating the previous differential equations. It 
can be checked by using the Cauchy-Riemann equations that the derivatives of r, as given 
by the right hand side of eq. (6.4.8), can be written as r e = d e F, r v = d v F, where: 



F(9,p) = \ 



A(9,p) - log (sin 9 sin 9(9, tp)) 



(6.4.13) 
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Therefore, it follows that: 

P A(0,¥>) 

e 2r = C —~ , (6.4.14) 

sin 9 sin 9(9, <p) 

with C being a constant. We will make use of this amazingly simple expression to derive the 
equation of some particularly interesting embeddings. 

6.4.1 n-Winding solitons 

First of all, let us consider the particular class of solutions of the Cauchy-Riemann eqs. 
(6.4.5): 

u + i<p — n(u + iip) + constant , (6.4.15) 
where n is an integer and the constant is complex. In terms of the original variables: 

9 ( 9\ n 
tan- = c ( tan- j , (p = rnp + y?o , (6.4.16) 

with c and <p being constants. It is clear that in this solution the <p coordinate of the probe 
wraps n times the [0, 2n] interval as (p varies between and 2n. Let us now assume that the 
coordinate ip is constant, i.e. ip = ipo- It is clear from its definition that the function A(9, if) 
is zero in this case. Moreover, by using the identities: 



2tanf x /1-cosx ,„ A 

Sim = f— ■ , tan- = \ , (6.4.17) 

1 + tan 2 f 2 V 1 ~\~ cos x v ' 

one can prove that: 

sin£ = 2^~c n } 8m9 ^ 7TT- > ( 6 - 4 - 18 ) 

( 1 + cos6») n + c( 1 - cos9) n v ' 

where c = c 2 . After plugging this result in eq. (6.4.14), one obtains the explicit form of the 
function r(9), namely: 

(l + co S g)" + c(l-cosg) w 
"1 + c (sin^)^ 1 ' l ° yj 

where r* = r{9 = tt/2). We will call n-winding embedding to the brane configuration 
corresponding to eqs. (6.4.16) and (6.4.19) for a constant value of the angle ip. 

Let us pause for a moment to study the function (6.4.19). First of all it is easy to verify 
that this function is invariant if we change n — > — n and c — > 1/c (or equivalently changing 
^ — > 7r — 9 for the same constant c). Actually, in what follows we shall take the integration 
constant c = 1 and thus we can restrict ourselves to the case in which n is non-negative. 
In this c = 1 case, r* is the minimal separation between the brane probe and the origin. 
Another observation is that r diverges for 9 = 0, ir, which corresponds to the location of 
the spikes of the worldvolume solitons. Therefore the supersymmetric embedding we have 
found is non-compact. Actually, it has the topology of a cylinder whose compact direction 
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Figure 6.1: Curves y = y(x) for three values of the winding number n: n = (solid line), 
n = 1 (dashed curve) and n = 2 (dotted line). These three curves correspond to r* = 1. 

is parametrized by <p. This cylinder connects the two poles at 9 = 0, n of the (9, <p) sphere 
at r = oo and passes at a distance r* from the origin. 

It is also interesting to discuss the symmetries of our solutions. Recall that the angle ip is 
constant for our embeddings. Thus, it is clear that one can shift it by an arbitrary constant 
e as ip — > ip + e. This U(l) symmetry corresponds to an isometry of the abelian background 
which is broken quantum-mechanically to TL 2 n as a consequence of the flux quantization of 
the RR two-form potential [37, 110, 48]. In the gauge theory side this isometry has been 
identified [37, 110, 48] with the U(l) R-symmetry of the M = 1 SYM theory, which is broken 
down to TL 2 n by a field theory anomaly [109]. On the other hand, it is also clear that we have 
an additional U(l) associated to constant shifts in <p>, which are equivalent to a redefinition 
of ip in eq. (6.4.16). 

To visualize the shape of the brane in these solutions it is rather convenient to introduce 
the following cartesian coordinates x and y : 

x = rcosO , y = rsinO . (6.4.20) 

In terms of (x,y) the D5-brane embedding will be described by means of a curve y = y(x). 
Notice that y > 0, whereas — oo < x < +oo. The value of the coordinate y at x = is just 
r*, i.e. y(x — 0) = r*. Moreover, for large values of the coordinate x, the function y(x) — > 
exponentially as 

y(x) w C\x\e~W^ lxl , (\x\ -> oo) , (6.4.21) 

where C is a constant. To illustrate this behavior we have plotted in figure 6.1 the curves 
y(x) for three different values of the winding n and the same value of r*. 

A particularly interesting case is obtained when n — ±1. By adjusting properly the 
constant ip in eq. (6.4.16), the angular embedding reduces to: 

9 = 9, <p = ip + constant , (n — 1) , 

9 = n -9 , (p = 2n-ip + constant , (n = -1) , (6.4.22) 

with ip being constant. These types of angular embeddings are similar to the ones considered 
in ref. [85] (although they are not the same, see eq. (6.3.20) ) and we will refer to them as 
unit-winding embeddings. Notice that the two cases displayed in eq. (6.4.22) represent the 
two possible identifications of the (#, ip) and (#, <p) two-spheres. 
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When n = the brane is wrapping the (9, ip) sphere at constant values of 9 and <p, i.e. 
one has: 

9 = constant = 9 , <p — constant = <p , (n = 0) (6.4.23) 

We will refer to this case as zero-winding embedding [83]. 

One can verify that the brane embeddings we have found are solutions of the probe 
equations of motion. Actually, they are supersymmetric worldvolume solitons of the D5 
brane probe. To illustrate this fact let us show that these configurations saturate a BPS 
energy bound. To simplify matters, let us assume that the angular embedding is the one 
displayed in eq. (6.4.16) and let r(9) be an arbitrary function. The Dirac-Born-Infeld (DBI) 
lagrangian density for a D5-brane with unit tension is: 

C = -e-* V=97t + P [C (6) ] , (6.4.24) 

where g st is the determinant of the induced metric in the string frame (g st = e 3 ^ g) and 
P C(6) is the pullback on the worldvolume of the RR six-form of the background. The 
elements of the induced metric for the n-winding solution along the angular coordinates are: 



,i lb bill O 9 

= e m + — + r 2 



n 2 sin 2 9 
1^9 ^ ' 9 

g w = ^(e 2h + ^^ + V 3 %)sin 2 9. (6.4.25) 
From this expression one immediately obtains the determinant of the induced metric, namely: 



3<7> 



^g = e 2 sin 9 



„, n 2 sin 2 ^ T _ 
4 sin 9 T 



e 2h _ 



n 2 sin 2 9 



4 sin 2 # 

Moreover, the pullback on the worldvolume of the two- form C is 1 : 



+ n 



C 



16e 2ft cos 9 - ne- 2h cos 9)r e d(pAd9 



(6.4.26) 



(6.4.27) 



: It is worth mentioning that the pullback of the RR two- form to the worldvolume is 

P[C (2) ] = ^dyA (nsinOde - sin 6d6) , 

where 9(9) is the function displayed in eq. (6.4.18) . From this expression it is straightforward to verify that 
the RR two-form flux through the two-submanifold where we are wrapping our brane is 



P[C {2) ] = thKM-I) 



and thus it vanishes iff n = ±1. 
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The hamiltonian density TC for a static configuration is just H = — £ or: 



n 



D 2<f> 



sin 9 



i 



n 2 sin 2 6 

e 2h + -T —T-a + K 
4 sin 9 r 



e 2h + '±_ 



n 2 sin 2 9 



4 sin 2 # 



- ^ ( \Qe 2h cos 9 - ne-' M cos 9 ) r e 
8 

It can be checked that, for an arbitrary function r(6), one can write H as: 

H = Z + S , 

where Z is a total derivative: 



2h 



z = -d B 



e 2 * (e 2h cos 9 + j cos fl) 



and 5 is non-negative: 



5 > 



(6.4.28) 



(6.4.29) 



(6.4.30) 



(6.4.31) 



with 5 = precisely when the BPS equations for the embedding are satisfied. The expression 
of S is: 



sin#e 



2<j> 



\ 



- e 



n 2 sin 2 9 9 
4 sin 9 T 



2h n 2 sin 2 9 



e 2h + 



rr 



sin 2 fl 
T sin 2 9 



+ rl - 



4 sin 2 # 



(6.4.32) 



The BPS equation for r in this case is rg = —V&p (see eq. (6.4.2)). If this equation is 
satisfied, the first term on the right-hand side of eq. (6.4.32) is a square root of a perfect 
square which cancels against the second term of this equation. Moreover, it is easy to check 
that the condition S > is equivalent to: 



(r e + V^ f > , 



(6.4.33) 



which is obviously satisfied and reduces to an equality if and only if the BPS equation for 
the embedding is satisfied. 



6.4.2 (n,m)-Winding solitons 

The solutions found in the previous section are easily generalized if we allow the angle tp to 
wind a certain number of times as the coordinate tp varies from tp — to tp — 2ir. Recalling 
that tp ranges from to 4n, let us write the following ansatz for tp(tp): 



tp = tp + 2mtp , 



(6.4.34) 
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where m is an integer. It is obvious that the above function satisfies the Laplace equation 
(6.4.10). Moreover, its harmonic conjugate A is immediately obtained by solving the Cauchy- 
Riemann differential equations (6.4.12), namely: 

A = -2mu . (6.4.35) 

In terms of the angle 9, the above equation becomes: 

e A = 7 • (6-4.36) 

(tanf) 

By plugging this result in eq. (6.4.14), and using the value of sin# given in eq. (6.4.18), it 
is straightforward to obtain the function r(9) of the embedding. One gets: 

(1 + cOB0)" + c(1-COb6I)" 

~ 1 + c [tanf] 2m (sin^+i ' ^ A ' 6t ) 

where, as in the n-winding case, r\ = r{9 = 7r/2). 

An interesting observation concerning the solution we have just found is that, by choosing 
appropriately the winding number m, one of the spikes of the m = solutions at 6 = or 
6 = 7i disappears. Indeed if, for example, n is no n- negative and we take 2m = n + 1, the 
function r{6) is regular at 9 = 0. Similarly, also when n > 0, one can eliminate the spike at 
9 = n by choosing 2m = — n — 1. 

6.4.3 Spiral solitons 

By considering more general solutions of the Cauchy-Riemann equations (6.4.5) and (6.4.12) 
we can obtain many more classes of supersymmetric configurations of the brane probe. One 
of the questions one can address is whether or not one can have embeddings in which r 
is finite for all values of the angles. We will now see that the answer to this question is 
yes, although the corresponding embeddings seem not to be very interesting. To illustrate 
this point, let us see how we can find functions ip and A such that they make the radial 
coordinate of the n-winding embedding finite at 9 — 0, it. First of all, notice that, in terms 
of the Cauchy-Riemann variables u and u defined in eq. (6.4.4), we have to explore the 
behavior of the embedding at u, u — > ±oo. Since: 

2e u ~ 2e" 

si ^ = rr^' sin ^ = TT^' (6A38) 

one has that sin# — > e~' u ', sin^ — > e"'"' as u,u — > ±oo. Then, the factors multiplying e A 
in eq. (6.4.14) diverge as e'"' + '"'. In the n-winding solution \u\ = \n\\u\ and, therefore this 
divergence is of the type e (l n l+i)M. We can cancel this divergence by adding a A such that 
e A — > as u — > ±oo in such a way that, for example, A + (|n| + l)\u\ — > — oo. This is clearly 
achieved by taking a function A such that A — > — u 2 . It is straightforward to find an analytic 
function in the (u, (p) plane such that its imaginary part behaves as — u 2 for u — > ±oo. One 
can take 

^ + iA = -i(u + i^f = 2mp - i(u 2 - v? 2 ) . (6.4.39) 
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From this equation we can read the functions ip and A. In terms of 9 and ip they are: 

9 9 
ifj = 2u<p = 2y?logtan- , A = -u 2 + y? 2 = -( logtan-) 2 + </ . (6.4.40) 

In this case r — > 0, ip — > ±oo as 9 — > 0, ir, which means that we describe an infinite spiral 
which winds infinitely in the ip direction. Notice that, although r is always finite, the volume 
of the two-submanifold is infinite due to this infinite winding. One can try other alternatives 
to make the radial coordinate finite. In all the ones we have analyzed, one obtains the infinite 
spiral behavior described above. 



6.5 Worldvolume solitons (non-abelian case) 

Let us consider the full non-abelian background and let us try to obtain solutions to the kappa 
symmetry equations (6.2.9)-(6.2.13). Actually we will restrict ourselves to the situations in 
which r only depends on the angle 9. It can be easily checked that, in this case, only four of 
the five equations (6.2.9)-(6.2.13) are independent. As an independent set of equations we 
will choose eqs. (6.2.9), (6.2.17) and: 



d 9 r 



e h V ? 



3ip 



e h cos a + ( V 2ip — § ) sin a 



sin aVi^ d e r — e h V* c 



3(9 







(6.5.1) 
(6.5.2) 



which can be obtained from eqs. (6.2.10) and (6.2.13) after taking d^r = 0. 

We will now try to find the non-abelian version of the solutions found in the abelian 
theory for arbitrary winding n. With this purpose, let us consider the following ansatz for 

(p{B,ip) =n V + f(9) , (6.5.3) 

while we shall assume that 9, ip and r are functions of 9 only. We will require that, in the 
asymptotic UV, (p — > nip. It is clear that in this ansatz d^ip = n and that dg<p = dgf. 
Moreover, from eq. (6.2.9) we can obtain the relation between dgip and 8q9, namely: 



dg<p = tanip 



d 9 



n 



sin 9 sin 9 

Using this value of dg(p, we get the following values of the V functions: 



(6.5.4) 



V w = -r 



d»9 



sin 9 sin 2 ip 
cos ip sin 9 cos ip 



n ■ 



2<p 



n sin# 
2 sin^ 

n sin 9 
2 sin^ 



sin^ 



COS-0 , 



■V20 , 
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1 ~ I ~ ~ ~ Tl ~ COS 

V 3 e = Tideip + - cot9 tan^deO - - tan^^— , 

2 2 2 sin 6* 

n cos 6* 1 . . 

By using these values in eq. (6.2.17), one gets the value of dg6 in terms of the other variables: 

_ ~ n sin 9 cosh 2r — sin 9 cos tb . . 

= = - . (6.5.6) 

sin 9 cosh 2r — n sin cos ^ 

On the other hand, by combining the two equations (6.5.4) and (6.5.6), we obtain: 

* - n2 sin2 ® ~ sin2 6 -7 

Ogip — — smip . (6.5.7) 

sin 9 sin 9 ( sin 9 cosh 2r — n sin cos ip ) 

Moreover, plugging the values of V 7 ^, V^, V30 and in eqs. (6.5.1) and (6.5.2) we can 
obtain the values of the derivatives of ip and r. The result is: 

~ n cot sin + cot 9 sin ~ 

Ogip = smip , 

sin 9 cosh 2r — n sin cos ip 

1 ncosfi 1 + cos6» 

cfor = smh2r . (6.5.8) 

2 sin 9 cosh 2r — n sin 6* cos tp 

It follows from eq. (6.5.6) that, asymptotically in the UV, sin 9 dg9 — > nsin0. If one 
wants to fulfil this relation for arbitrary r it is easy to see from eq. (6.5.6) that one must 
have (nsin#) 2 = sin 2 9, which only happens for n = ±1 and sin# = sin#. Noticing that for 
these values one has dg9 = ±1, one is finally led to the two possibilities of eq. (6.4.22): 
9 = 9 for n = 1 and 9 = n — 9 for n = —1. Notice that in the two cases of eq. (6.4.22) 
this equation implies that dg (p = and thus when n — ±1 the angular identifications of the 
abelian unit-winding embeddings (eq. (6.4.22)) also solve the non-abelian equations (6.5.6) 
and (6.5.7) for all r. 

For a general value of n, one has that asymptotically in the UV dg(p — > and dgip — > 0, 
as in the abelian solutions. Moreover it follows from eqs. (6.5.7) and (6.5.8) that <p and ip 
can be kept constant for all r if sin^ = 0, i.e. when ip = 0,ir mod 2ir. For these values 
of ip the equations simplify and, although we will not attempt to do it here, one could try 
to integrate numerically the equations of 9 and r. It is however interesting to point out 
that, contrary to what happens in the abelian n-winding solution, the angle ip cannot be an 
arbitrary constant for the non-abelian probes. As we will argue below, this is a geometrical 
realization of the breaking of the R-symmetry of the corresponding M = 1 SYM theory in 
the IR. On the contrary, the angle <p can take an arbitrary constant value, as in the abelian 
solution. 
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6.5.1 Non-abelian unit-winding solutions 

Let us now obtain the non-abelian generalization of the unit-winding solutions. First of all 
we define: 

rj = n = ±1 . (6.5.9) 

We have already noticed that for unit-winding embeddings the values of 9 and (p displayed 
in eq. (6.4.22) solve the non-abelian differential equations (6.5.6) and (6.5.7). Therefore, 
let us try to find a solution in the non-abelian theory in which the embedding of the (8, (p) 
coordinates is the same as in the abelian theory, i.e. as in eq. (6.4.22). For this type of 
embeddings sin^ = sin^, dg9 = r\ and eq. (6.5.5) reduces to: 

r] cos if) rjsmip 
v ie = — 2 — ' ltp = — 2 — ' 

r/smip rjcosip 
V 2 e = — , V 2ip = — - — , 



2 



V 3e = ^ , V 3(p = cot9, (6.5.10) 

where we have denoted ipg = dgip. As a check, notice that V\g, V\ v , V 2 e and V 2lf satisfy eqs. 
(6.4.1). It follows from eq. (6.2.17) that they must also satisfy: 

V? e + K = \ » V 2 2 e + K = \ » ( 6 - 5 - n ) 

which indeed they verify. Moreover, by substituting sin# = sin^ and cos^ = r]cos9 in eq. 
(6.5.8), we obtain the following differential equations for ip{9) and r{9): 



2i] sin ijj 
sinh 2r 



cot 9 

rg = sinh2r . (6.5.12) 

cosh2r — rjcosip 



These equations can be integrated with the result: 




A cothr , 
sinh r C 



y/^ + tanhV sin ^ ' 



(6.5.13) 



where A and C are constants of integration. Eq. (6.5.13), together with eq. (6.4.22), 
determines the unit-winding embeddings of the probe in the non-abelian background. Notice 
that, as in the corresponding abelian solution, r diverges when 6 = 0, n, i.e. the brane probe 
extends infinitely in the radial direction. On the other hand, it is also instructive to explore 
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Figure 6.2: Comparison between the non-abelian (solid line) and abelian (dashed line) unit- 
winding embeddings for the same value of r* . The non-abelian embedding is the one 
corresponding to eq. (6.5.15) and the abelian one is that given in eq. (6.4.19) for n — 1 
and c = 1. The curves for two different values of r* (r* = 0.5 and r* = 1) are shown. The 
variables (x,y) are the ones defined in eq. (6.4.20). 

the r — > oo limit of the solution (6.5.13). First of all, it is clear that when r — > oo the angle 
tp reaches asymptotically a constant value ipo, given by: 

1 - A 2 

cos^o = 1 + A 2 V ■ (6.5.14) 

Moreover, when r — > oo, the function r(9) displayed in eq. (6.5.13) becomes, after a proper 
identification of the integration constants, exactly the one written in eq. (6.4.19) for n = ±1 
and c — 1. Notice that the angle ip in the embedding (6.5.13) is not constant in general. 
Actually, only when A = or A = oo the coordinate ip remains constant and equal to 
0,7r mod27r (cos-0 = rj for A = and cos-?/; = — rj in the case A = oo). It is interesting to 
write the dependence of r on 9 in these two particular cases. When A = oo the solution is: 



jj (9, if r] — +1 , _ _ f (f + constant, if 77 = +1 , 

1 7r — 0, if 77 = — 1 , ' ^ 1 27T — </? + constant, if 77 = — 1 ' 

7 _ Ttt^tt, if 77 = +1 , sinhr, 
^ " \0,2vr, if 77 = -1 , ' sin0 ' 

where r* is the minimal value of r (i.e. r* = r(0 = vr/2)) and we have also displayed the 
angular part of the embedding. Notice that, for a given sign of the winding number 77, only 
two values of ip are possible. Thus, in this solution, the U(l) symmetry of shifts in if) is 
broken to a 7L 2 symmetry. This will be interpreted in section 6.6 as the realization, at the 
level of the brane probe, of the R-symmetry breaking of the gauge theory. 

To have a better understanding of the solution (6.5.15) we have plotted it in figure 6.2 
in terms of the variables (x,y) defined in eq. (6.4.20). For comparison we have also plotted 
the abelian solution corresponding to the same value of r*. In this figure the embeddings for 
two different values of the minimal radial distance r* are shown. When r* is large enough 
(r* > 2) the two curves become practically identical. 

In figure 6.3, a pictorial representation of the non-abelian unit-winding embedding of 
the brane has been plotted, r* is the minimal distance to the origin it reaches. From the 
five-dimensional point of view, we see how the brane vanishes in thin air at r = r*, while it is 
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space-time filling as it goes to r — > oo. For r* = 0, we have the cylinder solutions described 
below. This limit is somehow pathological as the brane gets disconnected into two pieces, 
one at 9 = 9 = (suppose i] = +1) and the other at 9 = 9 = n without going through 
intermediate values of 9. 




0=0 

Figure 6.3: A pictorial representation of the embedding, which has the topology of a cylinder. 
The compact direction is the ip angle, while the non-compact one extends in r{9). It goes to 
infinity for 9 = 0, tt and r is minimum for 9 = 7r/2. Besides, the probe brane is also extended 
in the four flat space-time dimensions where the gauge theory lives. 



Let us now have a look at the case of the A = embeddings. The function r(9) in this 
case can be read from eq. (6.5.13), namely: 

C 



cosh r 



sin^ 



(6.5.16) 



We have plotted in figure 6.4 the profile for these embeddings in terms of the variables (x, y) 
of eq. (6.4.20). Notice that, when C is in the interval (l,oo) it can be parametrized as 
C = coshr*, with r* > being the minimal radial distance between the probe and the 
origin. On the contrary, when C lies in the interval [0, 1] the brane reaches the origin when 
sin 9 = C . We have thus, in this case, a one-parameter family of configurations which pass 
through the origin. 

As in their abelian counterparts, all of these worldvolume solitons for the non-abelian 
background saturate an energy bound. In order to prove this fact, let us define: 



D = coth2r 



rj 



cosip 
sinh 2r 



(6.5.17) 



Notice that D > for any real ip and r. Moreover the equation for r{9) can be written as 
tq = —cot9/D. For arbitrary functions r(9) and ip(9) the hamiltonian density takes the 
form: 



n 



,2(4 



sin 9 



[r — rg cot 9 



/ cot 9 \ 2 rD / ~ 

•■ D ( r e + -?r) + ir(* 



( 



2e 



2h 



Ife 



-2h 



cot 9 



2n sin ib , 2 

cot 9 



D sinh 2r 



(6.5.1* 
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Figure 6.4: Graphic representation of the unit winding embedding of eq. (6.5.16) for three 
values of the constant C: C = 0.5 (dashed line), C — 1 (solid line) and C = 1.5 (dotted 
line). The variables (x,y) are the ones defined in eq. (6.4.20). 



It can be verified that H can be written as Ti. = Z + S, where: 

d 



2 d9 



e 2 * r cos 9 



(6.5.19) 



(this is the same value as in the abelian soliton for n — 1). The expression of S is: 
S = e 2(f, sm9 



(r — r-Q cot 9 s ) + rD (r e + 



— ( r — r e cot 9 ) 



cot 9 \ 2 



4 Dsinh2r 



2r? sin ib „\2 

cot ] - 



(6.5.20) 



As in the abelian case, if the BPS equations (6.5.12) are satisfied, the square root on eq. 
(6.5.20) can be exactly evaluated and S vanishes. Furthermore, one can easily check that 
S > is equivalent to the condition: 



_/ cot 9 \ 2 rD / ~ 
rD(r e + —) + —^e- 



2i] sin ip 
D sinh 2r 



cot^) 2 > , 



(6.5.21) 



which, since D > 0, is trivially satisfied for any functions r(9) and ip(9). Moreover, as 
r — r e cot # > for the solution of the BPS equations, it follows that our BPS embedding 
saturates the bound. 



6.5.2 Non-abelian zero-winding solutions 

The differential equations for the non-abelian version of the zero-winding solution can be 
obtained by putting n = in our general equations. Actually, by taking n = in the second 
equation in (6.5.8) one obtains the differential equation which determines the dependence of 
r on the angle 9, namely: 

cot 9 

r e = : , 6.5.22 

2coth2r ' v ; 



which can be easily integrated, namely: 



C 

sinh2r = . (6.5.23) 

sm6> 
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Notice that, as in the abelian case, this solution has two spikes at 9 = 0, 7r, where r diverges 
and, thus, the brane probe also extends infinitely in the radial direction. Moreover, the 
minimal value of the radial coordinate, which we will denote by r*, is reached at 9 — tt/2. 
This minimal value is related to the constant C in eq. (6.5.23), namely sinh 2?% = C. It is 
readily verified that for large r this solution behaves exactly as the zero-winding solution in 
the abelian theory. Moreover, it follows from eq. (6.5.4) that, in this n = case, the angle <p 
only depends on 9. Actually, the differential equations for the angles 9, (p and ip as functions 
of 9 are easily obtained from eqs. (6.5.6), (6.5.7) and (6.5.4): 

cos ip 



d e 9 = 



cosh 2r 



1 sinip 
cosh2r sin 9 

cot 9 sin ip 



(6.5.24) 

cosh 2r v ; 

By combining the equations of ip and 9 one can easily get the relation between these two 
angles, namely: 



smip 



B 
sin 9 



(6.5.25) 



Notice that, for consistency, B < 1 and sin# > B. We can also obtain <p = if (9) and 
9 = 9(9): 



(p — — arctan 



Bcos9 



sin 2 9 - B 2 



+ constant , 



arcsin 



cos 9 



arcsin 



cos 9 



+ constant 



(6.5.26) 



Actually, much simpler equations for the embedding are obtained if one considers the partic- 
ular case in which the angle ip is constant. Notice that, as was pointed out after eq. (6.5.8), 
this only can happen if tjj — 0, 7r (mod 2ir) (see also the last equation in (6.5.24)). These 
solutions correspond to taking the constant B equal to zero in eq. (6.5.25). Moreover, it fol- 
lows from the eq. (6.5.24) that (p is an arbitrary constant in this case, while the dependence 
of 9 on 9 can be obtained by combining eqs. (6.5.23) and (6.5.24). If we denote cosip = e, 
with e = ±1, one has: 

sinh 2r * ■ (a a \ cos6 (ax. o7\ 

sm(9 — 9*) — e — , (6.5.27) 



sinh2r = 



sin^ 



cosh 2r* 



where = 9(9 = ir/2). Notice that there are four possible values of ip in this zero-winding 
solution and, thus, the U(l) R-symmetry is broken to TL^ in this case. 

Let us finally point out that, also in this case, the hamiltonian density 7i can be put as 
7i = Z + S, where S is non-negative (S = for the BPS solution) and Z is given by: 



e 2 * cos#( r - - coth2r + 



2 sinh 2r 



(6.5.28) 
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6.5.3 Cylinder solutions 

We shall now show that there exists a general class of supersymmetric embeddings for the 
non-abelian background. For convenience, let us consider r as worldvolume coordinate and 
let us assume that the D5-brane is sitting at the north poles of the (9, ip) and (0, <p) two- 
spheres, i.e. at 9 = 9 = 0. In the remaining angular coordinates ip, <p and ip, the embedding 
is characterized by the equation: 

p q s 

where (<p , <p , ip ) and (p,q,s) are constants. Notice that, if one of the constants of the 
denominator in (6.5.29) is zero, then the corresponding angle must be a constant. Let us 
parametrize these embeddings by means of two worldvolume coordinates <j\ and a 2 , defined 
as follows: 

p-po p-<Po ip-ipo . s 

<7i = = = , a 2 — r . (6.5.30) 

p q s 

It is straightforward to demonstrate that the pullback to the worldvolume of the forms w l 
and A 1 is given by: 

P[w l ] = P[w 2 } = , P[w 3 } = (q + s)da 1 , 

PIA 1 ] = P[A 2 ] = , P[A 3 ] = -pdo x . (6.5.31) 

It follows from these results that the pullback of the frame one-forms e l and e J is zero for 
i,j = 1,2, whereas P[e 3 ] is non-vanishing. As a consequence, the induced Dirac matrices 
are: 

lc, = 2 {p + q + s) e% f 3 , 7a 2 = e^T r . (6.5.32) 
The kappa symmetry matrix T K for the embedding at hand is: 

e <t> 

T K = -^== T x o... x z 7 J1(T2 . (6.5.33) 

Moreover, by using the projection conditions satisfied by the Killing spinors e, one can prove 
that: 

7 CT1CT2 e = -l±l±l e l r r f 3 e = l±l±l e l ( cos a T 12 + sin aT 1 t 2 ) e , (6.5.34) 

and, since the determinant of the induced metric is y/—g = e~2~ p+ ^ +s ; it is immediate to 
verify that the kappa symmetry projection T K e = e coincides with the projection satisfied 
by the Killing spinors of the background. Therefore, our brane probe preserves all the 
supersymmetries of the background. Notice that the induced metric on the worldvolume 
along the a±, a 2 directions has the form 

el[ iP + q A +S)2 daf + dal], (6.5.35) 
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which is conformally equivalent to the metric of a cylinder. After a simple calculation one 
can prove that the energy density of these solutions is 



n = o r 



. /coth2r r \ \ 



(6.5.36) 



One can also have cylinders located at the south pole of the (9, ip) and (9, <p) two-spheres. 
Indeed, the above equations remain valid if 9 — ir (9 — 7r) if one changes p — > — p (q — > —q, 
respectively). On the other hand, if p — , the angle p is constant and, as the pullback of 
the e* frame one- forms also vanishes when 9 is also constant, it follows that 9 can have any 
constant value when p — 0. Similarly, if q = one necessarily has <p — <p and 9 can be an 
arbitrary constant in this case. 

When p = 1, q = n and s = 2m, the angular part of the embedding is the same as in 
the (n, m)-winding solitons. Actually, these cylinder solutions correspond to formally taking 
r* — > — oo is the abelian solution of eq. (6.4.37). This forces one to take 9 = 0, 7r and, thus 
one can regard the cylinder as a zoom which magnifies the region in which the probe goes 
to infinity. One can also get cylinder embeddings by consider the limit of the non-abelian 
solutions in which the probe reaches the point r = 0. For example, by taking r* = in 
eq. (6.5.15) one gets the p = q = 1, s = cylinder solutions while the r* — > limit of the 
embedding (6.5.27) corresponds to a cylinder with p — 1 and q = s = 0. Actually, when one 
takes the r* — > limit of these non-abelian embeddings one obtains two cylinder solutions, 
one with 9 = and the other with 9 = ir. This suggests that, in order to obtain a consistent 
solution, one must combine in general two cylinders located at each of the two poles of the 
(9, <p) two-sphere. Notice that this is also required if one imposes the condition of RR charge 
neutrality of the two-sphere at infinity. 



6.6 Quadratic fluctuations around the unit- winding em- 
bedding 

As mentioned in the introduction, we are now going to consider some of the brane probe 
configurations previously found as flavor branes, which will allow us to introduce dynamical 
quarks in the Af = 1 SYM theory. Following refs. [98, 103, 104], the spectrum of quadratic 
fluctuations of the brane probe will be interpreted as the meson spectrum of M = 1 SQCD. 
So, let us try to elaborate on the reasons to consider these probes as the addition of flavors 
to the field theory dual. In fact, when considering the 't Hooft expansion for large number of 
colors, the role of flavors is played by the boundaries of the Feynman graph. From a gravity 
perspective, these boundaries correspond to the addition of D-branes and open strings in the 
game. 

In our case, we have a system of iV D5-branes wrapping a two-cycle inside the resolved 
conifold and Nf D5-branes that wrap another two-submanifold, thus introducing Nf flavors 
in the SU (N) gauge theory. Taking the decoupling limit with g s a'N fixed and large is 
equivalent to replacing the iV D5-branes by the geometry they generate (the one studied 
in section 5.1.2), while the iV}-D5 branes that do not backreact (because we take Nf much 
smaller than N) are treated as probes. From a gauge theory perspective, this is equivalent 
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to consider the dynamics of gluons and gluinos coupled to fundamentals, but neglecting the 
backreaction of the latter. Of course it would be of great interest to find the backreacted 
solution. 

The way of adding fundamental fields in this gauge theory from a string theory perspective 
was discussed in [99], where two possible ways, adding D9 branes or adding D5 branes as 
probes, were proposed. Here, we are considering the cleaner case of D5 probes. A careful 
analysis of the open string spectrum shows the existence of a four dimensional gauge M = 1 
vector multiplet and a complex scalar multiplet. This is the spectrum of SQCD. In the 
case analyzed below we will consider abelian DBI actions for the probes, so that we will be 
dealing with the Nf = 1 case. 

We have found several brane configurations in the non-abelian background which, in 
principle, could be suitable to generate the meson spectrum. One of the requirements we 
should demand to these configurations is that they must incorporate some scale parameter 
which could be used to generate the mass scale of the quarks. Within our framework such 
a mass scale is nothing but the minimal distance between the flavor brane and the origin, 
i.e. what we have denoted by r*. This requirement allows to discard the cylinder solutions 
we have found since they reach the origin and have no such a mass scale. We are thus left 
with the unit-winding solutions and the zero-winding solutions of section 6.5 as the only 
analytical solutions we have found for the non-abelian background. 

In this section we shall analyze the fluctuations around the unit-winding solutions. We 
have several reasons for this election. First of all, the unperturbed unit-winding embedding 
is simpler. Secondly, we will show in appendix 6.8 that the UV behavior of the fluctuations 
is better in the unit-winding configuration than in the zero-winding embedding. Thirdly, 
the unit-winding embeddings of constant ip incorporate the correct pattern U(l) — > TL-i of 
R-symmetry breaking, whereas for the zero-winding embeddings of eq. (6.5.27) the U(l) 
symmetry is broken to a K 4 subgroup. 

Recall from section 6.5.1 that we have two possible solutions with ip = 0, 7r (mod27r), 
which are the ones displayed in eqs. (6.5.15) and (6.5.16). As discussed in section 6.5.1, the 
solution of eq. (6.5.16) contains a one-parameter subfamily of embeddings which reach the 
origin and, thus, they should correspond to massless dynamical quarks. On the contrary, 
the embeddings of eq. (6.5.15) pass through the origin only in one case, i.e. when r* = 
and, somehow, the limit in which the quarks are massless is uniquely defined. Recall that 
for r* = the solution (6.5.15) is identical to the unit-winding cylinder. For these reasons 
we consider the configuration displayed in eq. (6.5.15) more adequate for our purposes and 
we will use it as the unperturbed flavor brane. 

We will consider first in section 6.6.1 the fluctuations of the scalar transverse to the brane 
probe, while in section 6.6.2 we will study the fluctuations of the worldvolume gauge field. 
The gauge theory interpretation of the results will be discussed in section 6.6.3 

6.6.1 Scalar mesons 

Let us consider a non-abelian unit-winding embedding with 9 — 9, Cp — ip + constant and 
■ip = 7i (mod 2n) . For convenience we take first r as worldvolume coordinate and consider 9 
as a function of r, if and of the unwrapped coordinates x, i.e. 9 = 9(r, x, <p). The lagrangian 



132 CHAPTER 6. SUPERSYMMETRIC PROBES IN THE MN MODEL: FLAVOR 

density for such embedding can be easily obtained by computing the induced metric. One 
gets: 

C = -e 2<t> sin# x 



x 



l + rtanhr((<9 r #) 2 + {djf 



+ 



1 



cos 2 9 + r coth r sin 9 



+ rd r 9 - cot 9 



(r cothr + cot 2 9) + 



(6.6.1) 



which, being a total radial derivative, does 



where we have neglected the term d r (r cos i 
not contribute to the equations of motion. 

We are going to expand this lagrangian around the corresponding non-abelian unit- 
winding configuration obtained in section 6.5.1. Actually, by taking in eq. (6.5.15) i] = +1 
one obtains a configuration with ip = ir (mod27r), which corresponds to a function 9 = 9 (r), 
given by: 

sin^ (r) = ^^ , (6.6.2) 
smhr 

where r* is the minimum value of r and r* < r < oo. It is clear from this equation that with 
the coordinate r we can only describe one-half of the brane probe: the one that is wrapped, 
say, on the north hemisphere of the two-sphere, in which 9 e (0,7r/2). Outside this interval 
9 (r) is a double-valued function of r. Let us put: 



0{r,x,<p) = 0„ (r) + x(r,x,<p) , 



(6.6.3) 



and expand £ up to quadratic order in x- Using the first-order equation satisfied by 6*o(r), 
namely: 

d r 9 = —cothr tan 9 , (6.6.4) 



we get: 
C = 



1 



3 20 



2 1 + r coth r tan 2 9 



, . . _ x9 2r r cothr 9 

r tanhr cos# \o r x) H tttXCyX + 



cos 9 



cos 3 #0 



X 



e 2 *r tanhr [ cos# (d x x) 2 + 



ax) 2 



(6.6.5) 



2 L ' C os 9 ( 1 + r coth r tan 2 # ) 

In the equations of motion derived from this lagrangian we will perform the ansatz: 

X(r,x,(p) = e ikx e il,fi f(r) , (6.6.6) 

where, as ip is a periodically identified coordinate, / must be an integer and k is a four-vector 
whose square determines the four-dimensional mass M of the fluctuation mode: 



M 2 = -k 2 . 



(6.6.7) 



By substituting the functions (6.6.6) in the equation of motion that follows from the la- 
grangian (6.6.5), one gets a second order differential equation which is rather complicated 
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and that can only be solved numerically. However, it is not difficult to obtain analytically 
the asymptotic behavior of £(r). This has been done in appendix 6.8 and we will now use 
these results to explore the nature of the fluctuations. For large r, i.e. in the UV, one gets 
(see eq. (6.8.12)) that £(r) vanishes exponentially in the form: 

— T 

f (r) ~ e — cos [VM 2 -I 2 r + 5} , (r -> oo) , (6.6.8) 

f 4 

where 5 is a phase and we are assuming that M 2 > I 2 . For M 2 < I 2 the fluctuations do not 
oscillate in the UV and we will not be able to impose the appropriate boundary conditions 
(see below). Notice that our unperturbed solution # (r) also decreases in the UV as: 

o ( r ) ~ e ~ r (r -> oo) . (6.6.9) 

Thus £( r )/$o( r ) — > as r — > oo and the first-order expansion we are performing continues 2 to 
be valid in the UV. On the other hand, for r close to r* there are two independent solutions, 
one of them is finite at r = r* while the other diverges as: 

e(r) ~ . (6.6.10) 

Let us now see how one can use the information on the asymptotic behavior of the 
fluctuation modes to extract their value for the full range of the radial coordinate. First of 
all, it is clear that, in principle, by consistency with the type of expansion we are adopting, 
one should require that £ << 9 . Thus, one should discard the solutions which diverge in 
the infrared (see, however, the discussion below). Moreover, the behavior of the fluctuations 
£ for large r should be determined by some normalizability conditions. The corresponding 
norm would be an expression of the form: 



roc 

J Q dr^ e , (6.6.11) 



where ^7 is some measure, which can be determined by looking at the lagrangian (6.6.5). 
If we regard ^asa scalar field with the standard normalization in a curved space, then 
is just the coefficient of the kinetic term | (d r x) 2 in C, namely: 



2<}!) rtanhrcos^o 



For large r, ^7 behaves as: 



^ = e ^ u 2 - . (6.6.12) 

v ' 1 + rcothrtan 2 fl 



v/7 ( r -> 00 ) ^ Ae 2r . (6.6.13) 



Notice that the factors on the right-hand side of eq. (6.6.13) cancel against the exponentials 
and power factors of £ 2 in the UV (see eq. (6.6.8)). As a consequence, all solutions have 
infinite norm. 



2 For the zero-winding solution, on the contrary, the ratio £{r)/0o(r) diverges in the UV (see appendix 
6.8). 
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The reason for the bad behavior we have just discovered is the exponential blow up 
of the dilaton in the UV which invalidates the supergravity approximation. Actually, if 
one wishes to push the theory to the UV one has to perform an S-duality, which basically 
changes e 2 ^ by e~ 2< ^. The S-dual theory corresponds to wrapped Neveu-Schwarz fivebranes 
and is the supergravity dual of a little string theory. Notice that, by changing e 2( ^ — > 
in the measure (6.6.12), all solutions become normalizable, which is as bad as having no 
normalizable solutions at all. Moreover, it is unclear how to perform an S-duality in our 
D5-brane probe and convert it in a Neveu-Schwarz fivebrane for large values of the radial 
coordinate. 

A problem similar to the one we are facing here appeared in ref. [97] in the calculation 
of the glueball spectrum for this background. It was argued in this reference that, in order 
to have a discrete spectrum, one has to introduce a cut-off to discriminate between the two 
regimes of the theory. Notice that, since they extend infinitely in the radial direction, we 
cannot avoid that our D5-brane probe explores the deep UV region. However, what we can 
do is to consider fluctuations that are significantly non-zero only on scales in which one can 
safely trust the supergravity approximation. In ref. [97] it was proposed to implement this 
condition by requiring the fluctuation to vanish at some conveniently chosen UV cut-off A. 
Translated to our situation, this proposal amounts to requiring: 



This condition, together with the regularity of £(r) at r = r*, produces a discrete spectrum 
which we shall explore below. Notice that, for consistency with the general picture described 
above, in addition to having a node at r = A as in eq. (6.6.14), the function £(r) should be 
small for r close to the UV cut-off. This condition can be fulfilled by adjusting appropriately 
the mass scale of our solution, i. e. the minimal distance r* between the probe and the origin, 
in such a way that r* is not too close to A. 

Notice that, by imposing the boundary condition (6.6.14) on the fluctuations, we are 
effectively introducing an infinite wall located at the UV cut-off. The introduction of this 
wall allows to have a discrete spectrum and should be regarded as a physical condition which 
implements the correct range of validity of the background geometry as a supergravity dual 
of Af = 1 Yang-Mills. Even if this regularization could appear too rude and unnatural, the 
results obtained by using it for the first glueball masses are not too bad [97]. 

The cut-off scale A should not be a new scale but instead it should be obtainable from 
the background geometry itself. The proposal of ref. [97] is to take A as the scale of 
gluino condensation, which is believed to correspond to the point at which the function a(r) 
approaches its asymptotic value a = 0. A more pragmatic point of view, to which we will 
adhere here, is just taking the value of A which gives reasonable values for the glueball 
masses. In ref. [97] the value A = 2 was needed to fit the glueball masses obtained from 
lattice calculations, whereas with A = 3.5 one gets a glueball spectrum which resembles 
that predicted by other supergravity models. Notice that from r = to r = 3 the effective 
string coupling constant increases in an order of magnitude. From our point of view it is 
also natural to look at the effect of the background on our brane probe. In this sense it is 
interesting to point out that for r* = 2 — 3 onwards the abelian and non-abelian embeddings 
are indistinguishable (see sect. 6.5.1). 




(6.6.14) 
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Figure 6.5: Graphic representation of the first three fluctuation modes for r* = 0.3, A = 3 
and I = 0. The three curves have been normalized to have £(r*) = 1. 

We have performed the numerical integration of the equation of motion of £(r) subject 
to the boundary condition (6.6.14) by means of the shooting technique. For a generic value 
of the mass M the solution diverges at r = r„. Only for some discrete set of masses the 
fluctuations are regular in the IR. In figure 6.5, we show the first three modes obtained by 
this procedure for r* = 0.3 and A = 3. From this figure, we notice that the number of zeroes 
of £(r) grows with the mass. In general one observes that the n th mode has n — 1 nodes in 
the region r* < r < A, in agreement with the general expectation for this type of boundary 
value problems. Moreover, for I — 0, the mass M grows linearly with the number of nodes 
(see below). 

At this point it is interesting to pause a while and discuss the suitability of our election 
of r as worldvolume coordinate. Although this coordinate is certainly very useful to extract 
the asymptotic behavior of the fluctuations (specially in the UV), we should keep in mind 
that we are only describing one half of the brane, i.e. the one corresponding to one of the 
two hemispheres of the two-sphere. On the other hand, the election of the angle as excited 
scalar has some subtleties which we now discuss. Actually, to describe the displacement of 
the brane probe with respect to its unperturbed configuration it is physically more sensible 
to use the coordinate y, defined in eq. (6.4.20). Accordingly, let us define the function 
y(r,x,<p) as 

y(r,x,ip) = r sin 9(r, x, ip) . (6.6.15) 

Let us put in this equation 0(r,x,<p) = (r) + x(r, £,</?). At the linear order in x we are 
working, y can be written as 

V(r,x,<p) = y (r) + r cos 6> (r) x(r,x,<p) , (6.6.16) 

where yo(r) = rsin# ( r ) corresponds to the unperturbed brane. Notice, first of all, that for 
those modes in which x( r *, x , V 9 ) is finite, the fluctuation term in y(r*,x,ip) vanishes since 
cos 6*o (f) — > when r — > r*. Then 

y(n,x,(p) = y (r*) = n if x{ r *, x ,v) is finite. (6.6.17) 

Thus, by considering those modes x that are regular at r = r* we are effectively restricting 
ourselves to the modes which have a node in the y coordinate at r = r*. If, on the contrary 
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X diverges for r r*, we know from eq. (6.6.10) that it behaves as x ~ 1 / V r ~~ r * • But we 
also know that cos#o( r ) — > when r — > r* and, in fact, the second term on the right-hand 
side of eq. (6.6.16) remains undetermined. The precise form in which cos#o( r *) vanishes 
can be read from eq. (6.8.13), namely cos#o( r ) ~ V r ~~ r * f° r r ~ r *- Therefore, even if x 
diverges at r = r*, we could have, in the linearized approximation we are adopting, a finite 
value for y(r*,x,<p). Thus, modes with x( r *, x ,v) ~^ 00 should not be discarded. Actually, 
y(r*,x,(p) — yo( r *)j although finite, is undetermined in eq. (6.6.16) for these modes and, in 
order to obtain its allowed values we should impose a boundary condition at the other half 
of the brane. As previously mentioned, this cannot be done when r is taken as worldvolume 
coordinate. Therefore, it is convenient to come back to the formalism of sects. 6.2-6.5, 
in which 9 had been chosen as one of the worldvolume coordinates. In this approach, the 
unperturbed brane configuration is described by a function r (9), given by: 

sinhr o (0) = , (6.6.18) 

and the brane embedding is characterized by a function r = r(9,x,ip), which we expand 
around r (9) as follows: 

r(e,x,<p) = r (9) + p(9,x,ip) . (6.6.19) 

Plugging this expansion into the DBI lagrangian of eq. (6.4.24) and keeping up to second 
order terms in p, one gets the following lagrangian density: 



e 2 * sin#r 



2 r + cot 2 9 tanh r 
e 2 ^ sin 9 r 



2cot# . cot 2 # 2 

cothr (dop) + — — pd e p + —- -3 — p 

smh r cosh r smh r cosh r 

(6.6.20) 



{9xp)2 + cos 2 ^(l+r cothr tan 2 ^) ( ^ P)2 



Similarly to what we have done with the lagrangian (6.6.5), we will look for solutions of the 
equations of motion of L which have the form: 

p(9,x,<p) = e ik *e il *((9) , (6.6.21) 

where / is an integer and k 2 = — M 2 . As before, in order to get a discrete spectrum one must 
impose some boundary conditions. In the present approach we should cutoff the regions 
close to the two poles of the two-sphere. Accordingly, let us define the following angle: 

where, as indicated, we are taking 9\ in the range < 9 a < 7r/2. Notice that #a — > if 
A — > 00 as it should. Clearly 9a and n — 9a are the two angles that correspond to the radial 
scale A. Therefore, we impose the following boundary conditions to our fluctuation: 



C(0 A ) = C(^-0a) = 



(6.6.23) 
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Figure 6.6: Plot of 8y = Csin# versus x = rcosO for the first four modes for r* = 0.3, A = 3 
and I = 0. The dashed and dotted curves pass through the origin and correspond to the first 
two modes of figure 6.5. 
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Figure 6.7: Mass spectrum for r* = 0.3 and A = 3 for I = 0, • • • , 6. The solid lines correspond 
to the right-hand side of eq. (6.6.24). The triangles (squares) are the masses of the modes 
((9) which are even (odd) under 9 — > n — 9 '. 

The equations of motion derived from (6.6.20), subjected to the boundary conditions 
(6.6.23) can be integrated numerically by means of the shooting technique. One first enforces 
the condition at 9 = 9\ and then varies the mass M until ((ft — $a) vanishes. This only 
happens for a discrete set of values of the mass M. For a given value of /, let us order the 
solutions in increasing value of the mass. In general one notices that the n th mode has n—1 
nodes in the interval #a < 9 < n — 9\ and for n even (odd) the function ((9) is odd (even) 
under 9 — » n — 9. In figure 6.6, we have plotted the first four modes corresponding to r* = 0.3, 
A = 3 and I = 0. The modes odd under 9 — > 7r — 9 vanish at 9 = n/2 and their masses and 
shapes match those found with the lagrangian (6.6.5) and the boundary condition (6.6.14). 
On the contrary, the modes with an even number of nodes in 9\ < 9 < n — 9^ are the ones 
we were missing in the formulation in which r is taken as worldvolume coordinate. 

Let M Ui i(r # ,A) be the mass corresponding to the n th mode for a given value I and the 
mass scales r* and A. Our numerical results are compatible with an expression of M nj i(r*, A) 
of the form: 

M n j(n,A) = ^/m 2 (n,A) n 2 + P (6.6.24) 
To illustrate this fact we have plotted in figure 6.7 the values of M n .;(r*, A) for r* = 0.3 and 
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Figure 6.8: Dependence of m(r*, A) on r* for A = 3. The solid line is a fit to the quadratic 
function (6.6.25). 

A = 3, together with the curves corresponding to the right-hand side of (6.6.24). 

We have also studied the dependence of the coefficient m(r*, A) on the two scales (r*, A). 
Recall that r* is the minimal separation of the brane probe from the origin and, thus, can 
be naturally identified with the mass of the quarks. We obtained that m(r*,A) can be 
represented by an expression of the type: 

m(n,A) = ^ + 6(A)r 2 . (6.6.25) 

The coefficients on the right-hand side of eq. (6.6.25) have been obtained by a fit of m{r*, A) 
to a quadratic expression in r*. An example of this fit is presented in figure 6.8. The 
first term in eq. (6.6.25) is a universal term (independent of r*) which can be regarded as 
a finite size effect induced by our regularization procedure. We also have determined the 
dependence of the coefficient 6 on A and it turns out that one can fit 6(A) to the expression 
6(A) = 0.23 A™ 2 + 0.53 A" 3 . 

We have obtained a very regular mass spectrum of particles, classified by two quantum 
numbers n, I (see eqs. (6.6.24) and (6.6.25)). We can offer an interpretation of these formulas. 
Indeed, recall that the two-submanifold on which we are wrapping the brane is topologically 
like a cylinder, with the compact direction parametrized by the angle tp. The quantum 
number / is precisely the eigenvalue of the operator —id^, which generates the shifts of tp 
and, indeed, the dependence on / of the mass displayed in eq. (6.6.24) is the typical one 
for a Kaluza-Klein reduction along a compact coordinate. Therefore, we should interpret 
the mesons with I ^ as composed by Kaluza-Klein modes. Moreover, the term in (6.6.25) 
proportional to r 2 can be understood as the contribution coming from the mass of the 
constituent quarks, while the term ^ can be interpreted as a contribution coming from the 
'finite size' of the meson. Indeed, it looks like a Casimir energy and it is originated in the 
presence of the cut-off A. 

It is perhaps convenient to emphasize again that the cut-off procedure implemented here 
is a very natural procedure for this type of computations in this supergravity dual. In fact, 



6. 6. Q UADRATIC FL UCTUATIONS 



139 



given that the mesons are an IR effect in SQCD, we expect the contributions of high energy 
effects to be irrelevant or negligible in the physical properties of the meson itself. This 
is indeed what we are doing when cutting off the integration range. We are just taking 
into account the 'non-abelian' part of the probes, while neglecting the 'abelian' part or, 
equivalently, discarding high energy contributions. 



6.6.2 Vector mesons 



Let us now excite a gauge field that is living in the worldvolume of the brane. The linearized 
equations of motion are: 

d m [e~* '^I t r am \ = 0, (6.6.26) 

where g st is the determinant of the induced metric in the string frame and T nm is the field 
strength of the worldvolume gauge field A m , i.e. T nm = d n A m — d m A n . Let us assume 
that the only non-vanishing components of the gauge field A are those along the unwrapped 
directions of the worldvolume of the brane. In what follows we are going to use 9 as 
worldvolume coordinate. Let us put 



A,(9,x, v ) =6^(6) e ikx e il * , 



(6.6.27) 



where is a constant polarization four-vector and I must be an integer. It follows from the 
equations of motion (6.6.26) that must be transverse, i.e.: 



, 



(6.6.28) 



and that q(9) must satisfy the following second-order differential equation: 



do 



sin 9 
tanh r 



+ 



tanh tq 
sin 9 



M 2 cos 2 9 + r cothr sin 2 9) - I 



q = , (6.6.29) 



where, as in eq. (6.6.7), k 2 = —M 2 . We have solved numerically this equation by means of 
the shooting technique with the boundary conditions 



?(0a) = ?(tt - 9k) = . 



(6.6.30) 



Surprisingly, the set of possible values of M is given by the same expression as in the scalar 
meson case, i.e. eq. (6.6.24), with a coefficient function m(r*, A) which is, within the accuracy 
of our approximate calculation, equal numerically to that of the scalar mesons. This is quite 
remarkable since the differential equations we are solving in both cases are quite different 
(the equation satisfied by ((9), which arises from the lagrangian (6.6.20), is much more 
complicated than eq. (6.6.29)). Thus, to summarize, we predict a degeneracy between the 
scalar and vector mesons in the corresponding J\f = 1 SYM theory. 



6.6.3 Gauge theory interpretation 

Let us comment on some gauge theory aspects that can be read from the results of this 
chapter. For this purpose, we shall concentrate on the main solutions that have been used, 
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namely, the abelian solution with unit winding (n = 1) in eq. (6.4.22) and its non-abelian 
extension of eq. (6.5.15). 

First of all, let us analyze the R-symmetry of the gauge theory from the probe viewpoint. 
It is clear that the abelian solution (6.4.22) is invariant under shifts of ip by a constant 
since the value of this angle is an arbitrary constant in this solution. This symmetry has 
been identified as the geometric dual of the R-symmetry [37, 110, 48]. Actually, this is not 
a U{\) invariance of the background because [37, 110, 48] of the presence of the RR form 
that selects, by consistency, only some particular values of the angle ip, i.e. ip = with 
1 < n < 2N. So, the abelian probes can see a,7L 2 N symmetry. In contrast, when we consider 
the non-abelian probe, the solution (6.5.15) selects two particular values of the angle tp, thus 
breaking 7L 2N down to 7L 2 . Notice that the U(l) ^7L 2N breaking is an UV effect (it takes 
place already in the abelian background) while the 7L 2 n — > TL 2 breaking is an IR effect 
which appears only when one considers the full non-abelian regular background. This same 
breaking pattern was observed in the case of SQCD with massive flavors. Indeed, as showed 
in [109], the theory with massive flavors has a non-anomalous discrete 7L 2N R-symmetry, 
given by (component fields are used, A is the gluino and <£> and $ are the squarks): 

A -> e ~ im/N \ , $ -> e - inn/N <5> , $ -> e " mn/N $ , (6.6.31) 

with n = 1,...2N . 

As shown in [109], this 7L 2 jy symmetry is broken down to TL 2 by the formation of a squark 
condensate. Indeed, one can see that < > transforms as < >^ e -^n/N < > 
leaving us with a,7L 2 . Besides, the squark condensate is consistent with supersymmetry, 
because the F-term equation of motion < $<J > — m = is satisfied. Notice that this 
preservation of symmetry when m ^ is in agreement with the kappa symmetry of our 
brane probes. 

Apart from all this, there is a vectorial U(l) symmetry that remains unbroken in our 
brane probe analysis and that we have associated with the invariance under translations in 
<f. On the field theory side, this symmetry can be identified with a phase change of the full 
chiral/antichiral multiplet $ — > e ia Q, $ — > e~ ia Q, which is nothing but the U(1)b baryonic 
number symmetry of the theory. The two possible assignations ±1 of the baryonic charge 
are in correspondence with the two possible identifications of the S 1 described by (p with the 
S 1 parametrized by if. The spectrum we have found is independent of this identification. 

We would like also to comment briefly on the possibility of taking the parameter r* = 0. 
Given that this parameter can be associated with the mass of the quark (since it is the 
characteristic distance between the probe brane and the background), one would like to 
study the case in which this parameter is taken to be zero. Nevertheless, the approach 
implemented here seems to break down for this particular value of the parameter. Indeed, 
taking r\ = will imply that 9 = 0, so, a fluctuation of it can lead to negative values of 6 
taking us out of the range of this coordinate. The fact that our approach apparently does not 
work for the case of massless quarks seems to be in agreement with the fact that SQCD with 
massless flavors, has some special properties like spontaneous breaking of supersymmetry, 
the existence of a runaway potential (Affleck-Dine-Seiberg potential) and the non-existence 
of a well-defined vacuum state. Notice that, when r\ ^ 0, our approach, by construction, 
deals with massive quarks that preserve supersymmetry, since our probes were constructed 
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by that requirement. 

6.7 Discussion 

In this chapter, a search for surfaces where a D5-brane can be placed in the Maldacena-Niinez 
background without spoiling supersymmetry has been performed. 

Solutions where the probes are at a fixed distance from the "background branes" are 
shown to break supersymmetry. This phenomenon is in agreement with the non-existence of 
moduli space of M = 1 SYM. On the other hand, allowing the distance to the brane probe 
to vary, a wide variety of kappa symmetric solutions was found and a rich mathematical 
structure was pointed out. Typically, these probes extend to infinity. On the spirit of 
AdS/CFT correspondence, when the gravity setup is changed at infinity, some new ingredient 
is introduced in the associated gauge theory. In our case, we interpret the configurations 
found (at least some of them) as the introduction of flavor in the dual M = 1 SYM. 

First, configurations in the abelian background (the large r regime of the full background) 
have been studied. These abelian solutions are shown to have a very interesting analytic 
structure (harmonic functions and Cauchy-Riemann equations show up) allowing interesting 
explicit solutions. In extending these studies to the full background, we found several classes 
of non-abelian solitons. It might be possible that these solutions show themselves useful 
when studying other aspects of the model not addressed in this work. 

Then, in section (6.6), the kappa symmetric solutions which are argued to introduce 
fundamental matter in the dual to SYM theory (those we called unit-winding) have been 
explored in detail. The surfaces where the flavor branes are placed are the equivalent of 
the non-compact holomorphic 2-cycles considered in ref. [38] to add chiral superfields in a 
similar scenario. 

Given that the brane probes do not backreact on the background, these flavors are intro- 
duced in the so-called quenched approximation. Nevertheless, many qualitative features and 
quantitative predictions for the strong coupling regime of M = 1 SQCD can be addressed. 
Among them, the qualitative difference between the massless and massive flavors is clear 
in this picture. Indeed, by construction, our approach deals with the massive-flavor case, 
so, the problems or peculiarities of the massless case can be seen in this approach under a 
different geometrical perspective. 

Other characteristic feature of SQCD with few flavors is the breaking pattern of R- 
symmetry. The 7L 2 n ~~ * ^2 breaking is geometrically very clear from the brane probe 
perspective. Also, the preserved vectorial symmetry U(1)b is geometrically realized, as 
explained in the previous section, by arbitrary changes in the coordinate (p. 

A mass spectrum for the low energy excitations (mesons) of massive SQCD was found 
and this may be a very interesting and quantitative prediction of this approach. In fact, a 
nice formula for the masses is derived that exhibits a BPS-like behavior with the level (n) and 
with the Kaluza-Klein quantum number (I) of the meson (6.6.24), (6.6.25). Basically, our 
formula gives the meson masses in terms of the mass of the fundamentals and the Casimir 
energy due to finite size of the meson, and shows explicitly the contamination of the meson 
spectrum due to the Kaluza-Klein modes. It would be very interesting if lattice calculations 
could validate or invalidate the formula found here. 
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Our results are in perfect agreement with two general assertions about vector-like gauge 
theories proved by Vafa and Witten [111]: massive quarks cannot constitute massless mesons 
and a vectorial symmetry cannot be spontaneously broken. 

It would be really interesting to find a backreacted gravity solution in order to go beyond 
the quenched approximation of the gauge theory. Among other aspects, the Affleck-Dine- 
Seiberg potential, the corrections to the /3-function due to flavors or Seiberg dualities might 
be found. The techniques developed will hopefully be useful to perform similar analysis in 
different gravity setups. 

6.8 Appendix: asymptotic behavior of the fluctuations 

This appendix is devoted to the determination of the asymptotic form of the fluctuations 
around the kappa-symmetric static configurations of the D5-brane probe. In subsection 6.8.1 
we will consider the large and small r behavior of the solutions of the equation of motion 
corresponding to the lagrangian (6.6.5), which describes the small oscillations around the 
unit-winding embedding (6.6.2). In section 6.8.2 we will study the asymptotic form of the 
fluctuations of the n-winding embedding in the abelian background. Following our general 
arguments, the UV behavior of the abelian and non-abelian fluctuations must be the same 
and, thus, from this analysis we can get an idea of the nature of the small oscillations 
around the general non-abelian n-winding configurations (whose analytical form we have 
not determined) for large values of the radial coordinate. 

6.8.1 Non-abelian unit-winding embedding 

For large r the lagrangian (6.6.5) takes the form: 

C = - l -e 2tt> [r{d rX ) 2 + 2r X d rX + r X 2 + r (d xX ) 2 + r(d^ X ) 2 } , (6.8.1) 

where we have not expanded the dilaton and we have eliminated the exponentially suppressed 
terms. Using the asymptotic value of <9 r 0: 

we obtain the following equation for £: 

d ^ + « + ( Ml - < 2 + 1 + f = ■ < 6 - 8 - 3 ) 

To study the UV behavior of the solutions of this differential equation, it is interesting to 
rewrite it with the different coefficient functions expanded in powers of 1/r as: 

d 2 .i + (a + - + ^ + •••R£+ (&o + - + ^ + •••)£ = 0, (6.8.4) 
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where: 

a = 2, b = M 2 — I 2 + 1 , ai = h = I , a 2 = b 2 = - 1 , ■ ■ ■ (6.8.5) 

Z o 

We want to solve eq. (6.8.4) by means of an asymptotic Frobenius expansion of the type 
£ = r p (co + Ci/r + - • •) for some exponent p. By substituting this expansion on the right-hand 
side of eq. (6.8.4) and comparing the terms with the different powers of r, we notice that 
there is only one term with r p , namely b c r p , which cannot be canceled. In order to get rid 
of this term, let us define a new function w as: 

£ = e ar w , (6.8.6) 

with a being a number to be determined. The equation satisfied by w is the same as that 
of £ with the changes: 

do — * do + 2a , bo — > a 2 + aao + bo , 



ai -> a, , k^bi + aai, (i = 1,2, • • •) . (6.8.7) 

It is clear that we must impose the condition: 

a 2 + aa + b = , (6.8.8) 

which determines the values of a. Writing now w = r p (c + ci/r + • • •) and looking at the 
highest power of r in the equation of w (i.e. p — 1), we immediately obtain the value of p, 
namely: 

uai + h , s 

2a + a 

and, clearly, as r — > oo the asymptotic behavior of £ (r) is: 

f(r) « e Qr r p (l + o(-) ) . (6.8.10) 

r 

In our case, it is easy to verify that the values of a and p are: 

a = -l±iVM 2 -l 2 , P = ~\- (6.8.11) 
Then, it is clear that we have two independent behaviors for the real function £(r), namely: 
f(r) ~ ^r- cos ( VM 2 - Z 2 r) , ^ sin ( VM 2 - / 2 r) . (6.8.12) 

Notice that all solutions decrease exponentially when r — > oo. 

Let us now turn to the analysis of the fluctuations for small values of the radial coordinate. 
Recall that r* < r < oo. Near r*, one can expand sin# and cos# as follows: 

11 + cosh 2 r* 2 

sin 6*0 ~ 1 - cothr* (r - r*J + - — — ^ (r - r*J + • • • , 

2 sinn r* 

cothr* 1 



cos # ~ ^2 coth 



r* r - r* 



. (6.8.13) 
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Using these expressions it is straightforward to show that the lagrangian density of the 
quadratic fluctuations is given by: 



1 



£ = _l e W* [A{r){d rX f + B(r)2 X d rX + C(r) X 2 + D(r)(d xX )' 2 + E{r){d vX )' 



where 0* = </>(r*) and the functions A, B, C, D and E are of the form: 



(6.8.14) 



A(r 

B(r 
C{r 

D(r 
E(r 



= [8tanhr, (r-r,) 3 ]2 (1 + ^l(r)) , 



V coth r ; 



+ B{r) 



1 



^2 cothr* (r — r*) 



1 +C(r)) , 



Vcothr* 



2(r - n) ( 1 + V{r) ) , 



[ tanhr*]2 J2(r - r*) (1 + £(r) ) . 



The functions A, B, C, V, £, satisfy: 

A{r-),B{r-),C{r-),V{r-)£{r-) ~ o(r - r*) . 



(6.8.15) 



(6.8.16) 



Notice that, remarkably after integrating by parts the X d rX term in the lagrangian, the 
singular term of C(r) cancels against the leading term of B(r). The equation of motion for 
£ near r* is: 



d 2 X , A'(r) ^ | ^(r)-C(r) + M 2 D(r)-/ 2 E(r) ^ = Q 



A(r) 



A(r) 



(6.8.17) 



In order to solve this equation in a power series expansion in r — r*, it is important to 
understand the singularities of the different coefficients near r*. It is immediate that: 



A'(r) 



3 1 A'(r) 
+ 



3 1 



+ regular . 



A(r) 2 r - r* 1 + A(r) 2 r - r* 
Similarly, the coefficient of £ has a simple pole near r*: 

-B'(r) — C(r) + M 2 D(r) — l 2 E(r) 3B'(r*) - C'(r*) + 2M 2 r. - 2/ 2 tanhr* 1 



(6.8.18) 



A(r) 



r — r* 



+ regular 



(6.8 



It follows that the point r = r* is a singular regular point. The corresponding Frobenius 
expansion reads: 

oo 

(6.8.20) 



f (r) = (r - r,) A ]T c n (r - r*) n , 
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where A satisfies the indicial equation, which can be obtained by plugging the expansion in 
the equation and looking at the term with lowest power of r — r* (i.e. A — 2). In our case, A 
must be a root of the quadratic equation: 

A(A - 1) + - A = , (6.8.21) 
2 

i.e.: 

A = 0,~. (6.8.22) 

This means that there are two independent solutions of the differential equation which can 
be represented by a Frobenius series around r = r*, one of then is regular as r — > r* (the one 
corresponding to A = 0), whereas the other diverges as (r — r*) _ 2. 



6.8.2 n- Winding embeddings in the abelian background 



Let us consider the abelian background and an embedding with winding number n, for which 
d^Cp = n, sin 9dg9 = nsm9 and ip = ipo = constant. Let us define: 



V 



w = 



n 



'1 + cost 



'1 — COS I 



n cos 9 1 

2sin# + 2 C ° ~ 2sin# (l + cos#) n + (1-cosi 



cot 6* , 



n sin 9 



n(sin 9) 



(n-l) 



2 sin 6> (1 + cos6>) n + (1 - cos6») r 



(6.8.23) 



Choosing r as worldvolume coordinate and considering embeddings in which 9 depends on 
both r and on the unwrapped coordinates x, we obtain the following lagrangian: 



£ = -e 2<t> sin 9 



^j{e 2h + V 2 + W 2 ) (1 + (e 2h + W 2 )((d r 9) 2 + (d x 9) 2 )) + 



+ (e 2fl + W 2 )d r 9 - V 

We shall expand this lagrangian around a configuration 9 (r) such that: 

{r _ rt) 1 (l + cosg (r))" + (l-cosg (r))" 



(6.8.24) 



(sin0 o (r)) n 



+i 



(6.8.25) 



Notice that 9 (r) remains unchanged under the transformation n — > — n. Thus, without loss 
of generality we shall restrict ourselves from now on to the case n > 0. Let us now define: 



v o(r) = V\e( r )=e {r) , 
Using: 



dV 

W (r) = W\e {r )=e (r) , V oe (r) = — 



9(r)=e (r) 



d r 9 — — 



(6.8.26) 



(6.8.27) 
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we obtain the following quadratic lagrangian: 



p 2<t> 

C = -— sin^ (e 2/l + W 2 ) 



e 2h + V 2 + W 2 



{V^{d r xf - 2V V oeX drX + 



+ ^x 2 )+v (d xX f 



Keeping the leading terms for large r, the lagrangian becomes: 



(6.8.28) 



n + 1 



2 L 2 



(d rX ) 2 + 2 X d rX + 



x z + 



n + 1 



(d xX ) 2 ] , 



(6.8.29) 



n + 1 2 

and, if we represent X as in eq. (6.6.6) with / = 0, the equation of motion for £ becomes 



d 2 r i + ( 2 + 1r£+ (m 2 + 



4n 



(n + 1) 2 ' n + 1 r 
Now we have the following coefficients in eq. (6.8.4): 

4n 1 



(6.8.30) 



a 



b = M z + 



(n + 1) 2 ' 



n + 1 



(6.8.31) 



By plugging these values in eq. (6.8.8), we obtain the following result for the coefficient a 
of the exponential: 



n — 1\2 



a 



- 1 ± 



M 2 . 



(6.8.32) 



Let us distinguish two cases, depending on the sign inside the square root. Suppose first 

• n+1 ' 



that M 2 > i'^f}) 2 and define: 



M 2 = M 2 



/n — 1\ 2 
Vn+ V ' 



In this case the values of the exponent p obtained from (6.8.9) are: 



1 

P = -7 =F 



n — 1 



4 2(n + l)M 
It follows that the two real asymptotic solutions are 

e 



— i . 



(6.8.33) 



(6.8.34) 



£(r) ~ — r- cos \Mr — 
^ ' 2(n + l)M 



n — 1 



n — 1 c r ~ 

— logrl , — j- sin [Mr — — 

' J ri 2(n+ 1)M 



logr] . (6.8.35) 



Both solutions vanish exponentially when r — > oo. 

If M 2 < 0, let us define M 2 = — M 2 . In this case a is real, namely a = — 1 ± M. Notice 
that M < 1 and thus a < 0. The independent asymptotic solutions are: 



~ e 



-(M+l)r 



1 + 



(n+l)M / 



(6.8.36) 
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and both decrease exponentially, without oscillations, when r — > oo. This non-oscillatory 
character of the functions in eq. (6.8.35) make them inadequate for the type of boundary 
conditions we are imposing and, therefore, we shall discard them. 

Notice that, for n — 1, the large r asymptotic solutions (6.8.12) and (6.8.35) coincide. 
This is of course to be expected since the abelian and non-abelian configurations coincide in 
the UV. It is also interesting to compare the magnitude of the fluctuation with that of the 
unperturbed configuration for large r. By inspecting eq. (6.8.25) one readily concludes that: 



e n (r) 



e n + 1 



oo) . 



By comparing this behavior with eq. (6.8.35) one finds: 



Thus, for n > 1 one has that 



*o (r) 



e "+ 1 



7"4 



oo) 



(6.8.37) 



(6.8.38) 



00 0) 



as r — > oo. On the contrary for n = 0, both in the 

abelian and non-abelian case, the ratio diverges in the UV and the first order expansion 
breaks down. 

Let us now consider the IR behavior of the fluctuations. Near r* one has to leading order 
that sin 6 « 1 and: 



COs6> 



\Jr - n , 



V « Vn 2 + 1 ^ 



r — r* 



n 



V 09 



n 2 + l 



(6.8.39) 



The IR lagrangian is of the same form as in eq. (6.8.14) (with E = since we are now 
considering the case in which x is independent of ip). The functions A(r) to D(r) are now 
of the form: 



A(r) 
B{r) 
C{r) 



(n 2 + l)(r - r*) 2 ( 1 + o(r - r 
9 V r - r * ( 1 + o(r — j 



(n 2 + 1)1 



1 (n 2 + 1) 



4 y/r — r 

,2 



( 1 + o(r - r*)) , 



D(r) = + ^ — ) Vn 2 + 1 y/r - n ( 1 + o(r - r*)) . 



(6.8.40) 



Notice that, also in this case, the coefficients of the functions above are such that, after a 
partial integration, the singular term of C(r) cancels against the leading term of B(r). The 
differential equation that follows for £ in the IR is: 



+ (| _L- + o(r - r .) ) dr i + o(-L-) £ 



, 



(6.8.41) 
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and, therefore, the indicial equation is the same as for eq. (6.8.17) (i.e. eq. (6.8.21)). It 
follows that also in this case there exists an independent solution which does not diverge 
when r — > r*. 



Chapter 7 

Other solutions from supersymmetry 



This miscellaneous chapter is devoted to the description of a few supergravity backgrounds 
that have not been discussed elsewhere in this thesis. Except for section 7.1 [11], the rest is 
based on unpublished work. In section 7.1, the supersymmetry analysis and Killing spinors 
of the supergravity dual of three dimensional Af = 1 gauge theory are shown. Section 7.2 
is devoted to the study of solutions arising from branes wrapped in hyperbolic spaces. We 
will find in all cases that the metric runs into a bad singularity. Then, in section 7.3, we 
review the possibility of obtaining eight dimensional Spin(7) holonomy metrics from gauged 
supergravity. We will see that the procedure of allowing a rotation of the Killing spinor in 
a simple ansatz, which leads to new metrics in the conifold and G 2 cases, only yields trivial 
solutions. Finally, some D=7, 5*0(4) gauged supergravity setups are discussed in section 
7.4. This is a truncation of the theory of section 1.4.6. In particular, we show how to obtain 
the Maldacena-Nunez solution from this viewpoint and discuss a (singular) background dual 
to Af = 2 SYM. We show that the procedure that desingularizes the gravity solution dual 
to M = 1 SYM does not work in this case. 



7.1 Fivebranes wrapped on a three-cycle 

In this section, we are going to analyze the case of D5-branes wrapping an associative three- 
cycle inside a G 2 holonomy manifold in type IIB theory, first studied in [27] 1 . This leaves 
1+2 unwrapped flat dimensions where the dual gauge theory lives. As usual, the normal 
bundle must be twisted in order to preserve some supersymmetry. It can be shown that 1/16 
of the maximal supersymmetry is preserved, so there are two supercharges, which amounts 
to Af = 1 in three dimensions. We will check this explicitly by finding the four independent 
projections that must be imposed on the Killing spinor. The bosonic degrees of freedom of 
the dual gauge theory are just a gauge boson and the action is Yang-Mills with a Chern- 
Simons term. This gravity solution and its dual gauge theory were studied in [27, 113]. 

We will follow a similar procedure to section 5.1, where the solution for D5 wrapping 
S 2 was found. The natural framework is the D=7 supergravity of section 1.4.5. The seven 

1 The case in which D5-branes wrap a SLag three-cycle inside a Calabi-Yau three-fold [112] is also inter- 
esting, but will not be presented here. 
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dimensional ansatz will be given, but, for the sake of brevity, the supersymmetry analysis 
will be only performed in ten dimensions for the uplifted ansatz [11]. A difference with 
the case of section 5.1 is that the BPS first order equations can be found, but the general 
analytical solution is not known. 

The ansatz for the metric in seven dimensions is (string frame): 

ds 2 = dx\ 2 + ^R(r) 2 (w!) 2 + dr 2 , (7.1.1) 

where R(r) is a function to be determined. The w 1 (i = 1, 2, 3) are a new set of left invariant 
one-forms defined as in (1.4.35), dw l = —\tijkiti' A w h , such that dVl\ = \{itf) 2 . The 
ansatz for the gauge field is 2 : 

A* = 1 + f r) w! . (7.1.2) 
It is immediate to get the gauge field strength by inserting (7.1.2) in (1.4.19): 

F l = ^ dr A w l + ^-f^ e ijk w j A w k . (7.1.3) 
2 8 

From the lagrangian (1.4.31), we see that F A F acts as a source for the 3-form B. Upon 
uplifting, this leads to an additional term in the RR 3-form F( 3 ) (see below). By explicit 
calculation, one finds that F A F is not zero for this ansatz: 

]T F l AF l = - {uj 2 - \ )J e jkm dr Aw j Aw k Aw m . (7.1.4) 

i 8 

The corresponding type IIB Einstein frame metric, describing D5 branes wrapped in S* 3 , 
reads: 

ds 2 10 = e^\dx\ 2 + ^R(r) 2 (w 1 ) 2 + dr 2 + ^(wj - A*) 2 } , (7.1.5) 
while the Ramond-Ramond 3-form Fr$\ is: 

F (3) = ~ (w 1 - A 1 ) A (w 2 - A 2 ) A (w 3 - A 3 ) + i ^ F i A {nf - A 1 ) + h , (7.1.6) 

i 

where h comes from the uplifting of the non-zero 3-form B of seven dimensional sugra and is 
determined by requiring that F^ satisfies the Bianchi identity dF^ = 0. This is equivalent 
to requiring the form B to solve the equations of motion of 7d sugra. One easily verifies that 
h must satisfy the following equation: 

dh = | ^] F ! A F . (7.1.7) 



2 The same ansatz with ui(r) = was introduced in [27]. It leads to a consistent system of BPS equations, 
but the resulting gravity solution is singular at r = 0. The function w(r) plays the same smoothing role as 
the function a(r) in section 5.1. This ansatz for the gauge field resembles (3.2.4) just as (5.1.2) resembled 
(2.2.6). 
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Thus, taking (7.1.4) into account, the equation for h can be solved as: 

h = ^^V(r)e ijk w i Aw>Aw k , (7.1.8) 

where: 

V(r) = 2tu 3 - Quo + 8A; , (7.1.9) 

with k being a constant. Let us study the supersymmetry preserved by this ansatz in the 
frame: 

e x% = ek dx l , (i = 0, 1, 2) , e r = ei dr , 

e l = - e 4 Rw l , e l = - e± {nf -A 1 ) , (i = 1,2,3) , (7.1.10) 

We want to have 5 A = 5^ = in the expressions (1.4.15). We start by imposing the 
following projections on the spinors: 

Tifie = r 2 f 2 e = r 3 f 3 e , 

e = ie* . (7.1.11) 
Then, the condition S\ = becomes: 

<t>' e - ( 1 + 3 ^4^) r - fl23 e + Flf 16 " ^3 Flf 1 r - f 123 e = • ( 7 - L12 ) 
Moreover, from Sipi = 0, one gets: 

R'e - y rxf l£ + T r f 123 e + ( ^ - uo ) x T r f 123 e = . (7.1.13) 

The vanishing of the supersymmetric variation of the radial component of the gravitino gives 
rise to: 

a r e-_r 1 f 1 e--^e = 0, (7.1.14) 

where we have used eq. (7.1.12). Let us solve these equations by taking the projection: 

r r f 123 e = ((3 + ^T 1 T 1 )e . (7.1.15) 

As usual, from (r r f i23 ) 2 e = e and {T r f i 23 , Tif i} = it follows that (3 2 + (3 2 = 1 and thus 
we can take j3 = cos a and $ = sin a. 

Let us substitute our ansatz for r r Ti 23 e (eq. (7.1.15)) on the equations coming from 
the dilatino and gravitino (eqs. (7.1.12) and (7.1.13)). From the terms containing the unit 
matrix, we obtain equations for 0' and R!\ 



4i? 2 )' 8R 3 
/ V 

R r + v 8R 2 



* = ±£fl+{^-u)fi. (7-1-16) 
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Moreover, by considering the terms with T 1 F 1 , we obtain two expressions for uj' : 

V - 2 



(i^" 2 -)^ 2 ^^ 



By combining these last two equations we get: 



f V \ _ / 1 - u> 2 2R x 3 



(7.1.17) 



(7.1.18) 



By plugging this last relation in the condition f3 2 + (3 2 = 1, one can easily obtain the 
expression of (3 and (3. Indeed, let us define M as follows: 



/ V \2 ( \-w 2 2R X 2 

In terms of this new quantity M, the coefficients (3 and (3 are given by: 
1 ( 2R l-uo 2 \ , 1 / V 



(3 = cos a 



M 



2R l-uj 2 
~3~ + ~~2R~ 



(3 = sin a 



(7.1.19) 



- w . (7.1.20) 



By using these values of (3 and (3 in the equations which determine R', uj' and </>', we obtain 
a system of first-order BPS equations which are identical to those written in refs. [113]. 
They are: 



R' = 



D = 



1 



3VM 
4R 



V 2 



+ 



3VM 



Q4R 4 2R 2 
V 



uj 2 ) 2 - Vuj ) + u z + 2 



32i? 4 



1-uj 2 ) + 



2A; - uj 3 
2R 2 



UJ 



0' 



3,, 3 VM 



The radial projection condition (7.1.15) can be written as: 

r r f 123 e = e aT ^e . 
Since {r r f i 23 , Tif i} = 0, this equation can be solved as: 

e = e-^ VlVl e , T r fi 23 e = eo • 



(7.1.21) 



(7.1.22) 



(7.1.23) 



Plugging now this parametrization of e into the equation obtained from the variation of the 
radial component of the gravitino (eq. (7.1.14) ), we arrive at the following two equations: 



°r e — "TT e j 



a 



--uj'R. 
2 



(7.1.24) 
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The equation for e can be solved immediately: 

eo = e*ri, (7.1.25) 



where 77 is a constant spinor. Moreover, one can verify that the equation for a is a consequence 
of the first-order BPS equations (7.1.21). Therefore, the Killing spinors for this geometry 
are of the form: 

e = e~^ ritl e*r) , (7.1.26) 
where 77 is constant and satisfies the following conditions: 

F x o... x 2 r 123 77 = V , 

rifiT? = r 2 f 2V = r 3 f 3V , 



77 = irf . (7.1.27) 

Notice that, for the spinor e, the first of these projections can be rewritten as: 

T x o... x 2 ( cos «r 123 - sinaf 123 ) e = e . (7.1.28) 

As in section 5.1, the susy analysis directly performed in seven dimensional sugra is analogous 
to the one performed above in ten dimensions. In the seven dimensional language, the 
projections (7.1.11) and (7.1.15) read: T^e = T 2 cr 2 e = T 3 a 3 e and T r e = ((3 + f3Tiia v )e 
(one must also take into account Y X0X1X2Vl23 = 1). 



7.2 Branes wrapping hyperbolic spaces 

In this section, some cases where branes are wrapped on spaces with constant negative 
curvature will be analyzed. We will follow the strategy of previous chapters by looking for 
a solution of some low dimensional gauged supergravity in order to uplift it to ten or eleven 
dimensions. 

Hyperbolic spaces are, in principle, non-compact. However, once the solution is obtained, 
we can quotient the hyperbolic space by some discrete (infinite) group, so we end up with 
finite volume. If the Killing spinors do not depend on the coordinates of the hyperbolic space 
where the quotienting is made, the solution will continue to be super symmetric. Moreover, 
this procedure gives rise to Riemann surfaces of different genus. This is interesting because 
it can introduce adjoint matter in the associated gauge theory. Indeed, by an index theorem, 
the genus of the surface is related to the number of zero modes on the submanifold in which 
the brane is wrapped (see, for example, [33]). Therefore, if the genus is bigger than one, 
there are zero modes that survive in the limit in which the volume of the compact space is 
taken to be small and, thus, they must appear somehow in the gauge theory. Because of 
super symmetry, they must reorganize themselves in supermultiplets (which may be different 
depending on the case). Note that this kind of zero modes are absent when the brane is 
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wrapping a sphere S 2 or S 3 , so this adjoint matter is not present in the cases studied in 
previous chapters 3 . 

However, we will see in different cases that this leads (for a general gauge field in the 
ansatz) to pathological supergravity backgrounds: the factor multiplying the hyperbolic 
space first grows but then collapses (and gets negative, changing the signature of space- 
time) at some finite value of the distance r. Maybe the reason is that there is something in 
the gauge theory that makes the gauge-gravity duality fail, so one should only trust it far 
away from this singular point, but further work is required to clarify this idea. 

It would also be interesting to look for similar solutions when the reduction from ten or 
eleven dimensions to gauged supergravity is made on a hyperbolic space and not on a sphere 
(see [114] for Scherk-Schwarz reductions in general three dimensional group manifolds). 

In the following subsections, we study the hyperbolic counterpart of the spaces described 
on chapters 2, 3 and 5 respectively. 

7.2.1 D6-branes wrapping H2 

Let us consider the ansatz obtained by substituting the S 2 in eq. (2.2.1) by the hyperbolic 
space H 2 . The subsequent analysis will be very similar to that in sections 2.2, 2.3, so some 
details will be skipped. The metric in the 8d Salam-Sezgin gauged sugra (section 1.4.4) is: 



P 2h 

dsi = dx\ 4 + — (dz 2 + dy 2 ) + dr 2 . (7.2.1) 
V 

The ansatz for the scalars is again (2.2.2): L l a = diag (e A , e x , e -2A ), while for the gauge 
field we write: 

A 1 = -dy , A 2 = — - dz , A 3 = - dz . (7.2.2) 

y y y 

The P and Q matrices are again given by (2.2.4), and the field strength reads: 

b' b' 1 + b 2 

F 1 = -dr Ady , F 2 = dr A dz , F 3 = — — dz A dy . (7.2.3) 

y y V y2 

We will use the following angular projection: 

rv = -ri 2 e • (7.2.4) 

By combining the equations 6x1 = 8X2 = and 6x3 = 0, we get an equation for 0': 

0' e _ e nX~h y f 2V ^ + r 1 e 0-2A^ ( l + b 2 ) + 1 -4, ( e -4A + 2e 2A j 1 £ = Q , 

L 2 o J 



(7.2.5) 



3 The quark-like matter introduced in chapter 6, unlike this case, transforms in the fundamental repre- 
sentation of the gauge group, as it comes from strings stretching from the flavor brane to the gauge theory 
brane. 
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and an equation for A': 



A'e + &e- h sinh3Af 2 r z r r f 1 2 3 e - \e (f,+x " h b' f 2 T z e + 



+ 



^-2X-2h (l + b 2 ) + t_ e -4> ( e -4A 



1 

6 



„2A 



r r ri2 3 e = o . 



From the gravitino variation we get a new equation: 



(7.2.6) 



h'e - be~ h cosh 3A f 2 r z r r f 123 e + - e*** - ' 1 &' f 2 r z e + 



+ 



5 e0 -2A-2 ft ( x + b 2 ) + 1 e -0 ( e -4A + 2e 2A } 



r r r 123 e = o 



The equation for 0' is of the form: 

r r f 123 e = ~{(3 + pf 2 T z )e, 



(7.2.7) 



(7.2.8) 



where /3 and f3 can be directly read from (7.2.5). As in other cases, (3 and (3 should satisfy 
that f3 2 + f3 2 = 1. Plugging (7.2.8) in the BPS equations we get two algebraic constraints 
analogue to (2.2.21), (2.2.24). After eliminating (3 and /?, they imply the following constraint 
for the functions of the ansatz: 



1 + 4e 2<t>+2X - 2h (l + b 2 



. 



(7.2.9) 



Notice that the only solution of this equation is b = 0, since the other solution corresponds 
to imaginary b. Thus, there is no analogue of the deformed conifold and (3 — 1, (3 — 0. The 
resulting BPS equations are: 



ti 
A' 



l e 4>-2X-2h + I e -0( 2e ^ + e - 4A ) , 
2 8 



_^-2X-2h + ^ e -^ (2e 2A + e -4A) ) 



_I e *-2A-2ft + I e - 

3 6 



-4A 



- e 2A ) . 



(7.2.10) 



These eqs. can be integrated by the usual method. First of all, we define a new function x 
and a new variable t: 

dr 



_ a 2<f>-2h+2X ^_ 
X ~ ^ ' dt 



3 0+4A 



(7.2.11) 



Then, one gets a decoupled differential equation for x: ^ = |x(x + 1). Knowing x, the 
integration of the full system is easy. The result is: 



12 



„2h 



,2«(p). 



6(12) 



p(6a 2 -p 2 )/t(p)6 , (7.2.12) 
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where the new radial variable p and the function n(p) are defined as follows: 

P 2 = 6 ( 96 ) 5 e5 > = p6 _ 6 ^ 2p 4 > ( 7 - 2 - 13 ) 

a, A being integration constants. The eleven dimensional metric takes the form: 

ds u = dx lA + (k(p)) dp H rfiJ 2 + -g- +w 2 J H — [w 3 + —) , 

(7.2.14) 

where Wi are left-invariant SU(2) one-forms for the external S 3 and dH 2 = y~ 2 (dz 2 + dy 2 ) 
is the metric of the hyperbolic space. 

Let us study the behavior of this metric. If we want to keep the same (1, 10) signature, 
we must require that 6a 2 — p 2 > 0, i.e.: 

P < Prnax , pLs = ^ ■ (7.2.15) 

Moreover, if we want to keep k(p) > in the range p 2 < p 2 max , we should require f(p) = 
p 6 — 9a 2 p 4 + A < 0. Notice that f'(p) = 6p 3 (p 2 — 6a 2 ) < if p < p max - There are two possible 
cases. If A < 0, the minimal value of p is p = 0, ie. in this case < p < p max - If A > we 
must consider two cases. If < A < 108a 6 , then p min < p < p max , where p min is the solution 
of the equation /(p) = 0. If A > 108a 6 , then p min > p max and the solution makes no sense. 

The conclusion is that, in all the cases, there is a maximum value of the radial coordinate 
Pmax, where the metric has a singularity that cannot be removed and, hence, the solution 
becomes pathological. As a matter of fact, this supergravity solution cannot be used as the 
dual of a gauge theory, at least for values of p near the singular point. In any case, if one 
wants to use the small p regime of the solution as a gauge theory dual, the singularity should 
be somehow interpreted. 



7.2.2 D6-branes wrapping H3 

The following analysis is analogue to that of section 3.2, changing the sphere S 3 by the 
hyperbolic space H 3 . The natural ansatz for the 8d metric is 4 : 

ds 2 8 = dx 2 l)3 + e — [dx 2 + dy 2 + dz 2 ) + dr 2 . (7.2.16) 

The ansatz for the gauge field is: 

,1 b , a9 dy b , .0 dx b , 
A 1 = - dz , A 2 = — + - dx , A 3 = + - dy , (7.2.17 

z z z z z 

4 The reader should not be confused by the fact that one of the directions of the H3 is denoted by x, 
unrelated to the Minkowski-like directions xi . 
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where, b is a function of r. We will not excite any scalar field. The components of the field 
strength are: 

l + b 2 



F 1 = F 2 = F 3 

xy yz zx 



F 1 = F 2 = F 3 

rz rx r 



b' 



(7.2.18) 

We will now use the following angular projections (note that only two are independent): 

T za; e = -r 12 e , T zy e = -f 13 e , Y xy e = -f 23 e . (7.2.19) 



The following equations are obtained after imposing the vanishing of the variation of the 
fermionic fields (1.4.27): 

0'e + ? e+~ h b' fx 6 + ( ? e^ 2fe (1 + 6 2 ) + jj e"* ) T r f 123 e = , 
h'e --b'e^ h fir*e + foe" 71 fx r z r r f 123 e + 



-2h 



1 + 



i e -*)r r f 



123C = , 



(7.2.20) 



As usual, from the first of these equations, one can directly read T r f 123 e = — ( (5 + /3f iT 2 ) e, 
which implies the consistency condition (3 2 + f3 2 = 1. Proceeding as in section 3.2, we get 
the following BPS equations: 



0' 

6' 



3 e 



-2/i- 



8 K 

8K 

be-* 
K~ 



e 4h - 16 ( 1 + 6 2 ) 2 e 4 * 
e 4/l + 16 ( b 2 - 1 ) e 2 * +2h + 48 ( 1 + b 2 f 
4 ( 1 + b 2 ) e 2<p + e 2h 



with 



K = yjl6 ( 1 + b 2 ) 2 e 4 <t> + 8 ( b 2 - 1 ) e 2 <t>+ 2h + e 
Representing /3 = cos a, /? = sin a, we have: 

p <fi+h 

tana = 46 



4/i 



4 ( 1 + b 2 ) e 2< ^ - e 



2h 



Moreover, by taking the spinor e as: 



(7.2.21) 
(7.2.22) 

(7.2.23) 



e = e -2«r irz 6q ^ 



T r Ti 23 eo — —eo , 



(7.2.24) 
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we obtain from the last eq. in (7.2.20) that a' = —3e^~ h b' and e = e^^rj, where rj is, as 
usual, a constant spinor satisfying the same projections as eo- It can be checked that this 
equation for a' is satisfied as a consequence of the BPS equations for 0, h and b. The BPS 
equations (7.2.21) can be integrated as in the case of the round S 3 . Let us define: 

Y(p) = p 2 -2mp + m 2 (l + \ 2 ) , 

F(p) = -3p 4 + 8mp 3 -6(l + A 2 )m 2 p 2 + m 4 (l + A 2 ) 2 , (7.2.25) 

where m and A are constants of integration and p is a new radial variable. Then, the uplifting 
to eleven dimensions yields: 

ds 2 u = dx 2 1:3 + F"s dp 2 + F§ Y- 1 dH 3 + F~^Y(wi + A* f , (7.2.26) 

where dH 3 = -^{dx 2 + dy 2 + dz 2 ) and the components of the gauge field are determined in 
terms of b, which is given by: 

•M ~ ^ ■ P**> 

Notice that F(p) is positive near p = (for m ^ 0) and negative for large values of p. 
Thus, there is a limiting value of p also in this case. Again, there is a singularity of the 
metric at some p max that renders the solution pathological. 

7.2.3 D5-branes wrapping H2 

BPS equations for D5-branes wrapped on a H 2 

We look here for a solution in the case in which the H 2 space is considered in the place 
of the S 2 of the Maldacena- Nunez model 5 . Thus, the analysis below is similar to section 
5.1.1. This gravity solution should, in principle, be also dual to M = 1 SYM, although, as 
discussed above, adjoint matter is incorporated in the model. However, we will again find 
that the gravity solution becomes pathological for large values of the radial coordinate. Let 
us use the gauged supergravity of section 1.4.5 and consider the seven dimensional metric: 

2h 

ds 2 = dx 2 + dr 2 + — {dz 2 + dy 2 ) , (7.2.28) 

y 

where h = h(r). Let us consider the following gauge field: 

A 1 = --dy, A 2 = - -dz , A 3 = --dz, (7.2.29) 

y y y 

where b = b(r). The corresponding field strength is: 

b' b' 1 + b 2 
F 1 = dr Ady , F 2 = dr A dz , F 3 = — dy A dz . (7.2.30) 

y y y 



3 This setup was studied in [115] using four dimensional gauged supergravity. 
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Now we turn to solve the equations for the vanishing of the variation of the fermion fields 

(1.4.32). From 5ip z = we find the angular projection needed to perform the twisting: 

T zy e = ia 3 e = a 1 a 2 e . (7.2.31) 

Using it, the conditions 5ip z = 5ip y = yield: 

-2h Ul 

h'e + be- h T ry ia l t + — - ( 1 + b 2 ) T r e - -e~ h T y ia 1 e = . (7.2.32) 
From 5\ = we obtain: 

<j>'e + (l + ^e- 2h (l + b 2 ))T r e - < ^-b'T y ia 1 e = . (7.2.33) 

Finally, from the variation of the radial component of the gravitino, we arrive at: 

e~ h b' 

d r e = ——Tyicne . (7.2.34) 

Taking (7.2.33) into account, we obtain a rotated radial projection: 

T r e = ((3 + pTyia^e , (7.2.35) 

where: 

6' 1 e~ h b' 

P = Z , P = - h • (7.2.36) 

l + ^(l + 6 2 ) 2i + £^(i + 62) v 1 

Since (r r ) 2 e = e, we get /? 2 + /3 2 = 1 and use the usual parametrization: (3 = cos a, $ = sin a 
in order to write (7.2.35) as: 

T r e = e ar v iai e , (7.2.37) 

which is solved by: 

e = e -f r »^e , r r e = e - (7.2.38) 

By inserting the projection in (7.2.32), we find the radial derivatives of h and b In terms of 
f3 and (3: 

ti = --e- 2h {l + b 2 )(3-be~ h (3 , b' = -2 b (3 + e~ h (1 + b 2 ) (3 . (7.2.39) 



Moreover, <fi' is given in terms of b' as: 



2b 
Define: 



l> ' r l - - A e' 2h {l + b 2 )] . (7.2.40) 



4 



K = Jl + ^e- 2h {b 2 - 1) + ^e- ih {l + b 2 ) 2 . (7.2.41) 
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Then, we have the following first-order differential equations 6 : 



0' = ~ 

V K 



ti = 



-4ft 



(1 + b 2 ) 2 



16 



-2ft 



2K 



-2ft 

b 2 -l + e -—{l + b 2 f 

4 



b = K 



-2ft 



1 + 



1 + b 2 



By substituting our ansatz for the spinor in the equation for d r e, we get: 

a = — e o . 

Moreover: 



tana 



46 



(7.2.42) 



(7.2.43) 



(7.2.44) 



(1 + b 2 )e- h - 46^ ' 

One can show using this last equation that the equation for a' is a consequence of (7.2.42). 
The radial projection can be written as: 



F x °--x 3 z ( cos ctT y + sin a io\ )e — e . 



(7.2.45) 



Solution of the BPS equations 

It is clear that b = is a solution of the last BPS equation (7.2.42). Let us start by 
solving this particular case, in which the radial projection on the spinor is not rotated. The 
expression of K gets simplified: 

K = l~\e~ 2h , (6 = 0) . (7.2.46) 

(Notice that there is no square root). The remaining BPS equations are: 

ti = - e- 2h , <t>' = 1 + - e~ 2h , (7.2.47) 
2 4 

whose general solution is: 

e 2h = r + C , e 24, = 2e 2 ^ e 2r (r + C)3 , (7.2.48) 

where C and 0o are constants of integration. We will see that the matching with the general 
solution fixes the value of C to be 1/4. For this value of C, the constant O is the value of 
4> at r = (which is finite). Notice that, in general, <f>(r = 0) is finite for any positive C, 
whereas 0(r = 0) — > — oo for C = . 

6 The sign of all these equations can be changed by changing the sign in the radial projection, what 
amounts to taking r — > — r in the final solution. This is general for all the solutions treated in this thesis, 
although in most of them, the sign is clear when one wants the final solution to make sense. Here, both 
possibilities are pathological. 
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Let us now search for the general solution of the system (7.2.42). We will follow closely 
the Chamseddine-Volkov method (see section 5.1.3). Let us define first the quantities: 

x = b 2 , R 2 = Ae 2h . (7.2.49) 

From the equations of h and b we get: 

x{R 2 + x + 1) ^- + (x - 1) R 2 + (x + l) 2 = . (7.2.50) 

To solve this equation we introduce a parametrization in terms of an auxiliary variable p 
and an auxiliary function £(p), related to x and R as: 

2 £(p) d2 d£{P) 2 ftp) , -, / 7 r)r,\ 

x = p e sw , it = p — : p e sw + 1 . (7.2.51) 

etp 

Then, the differential equation (7.2.50) reduces to the following simple equation for £: 

rf 2 e(p) 



dp 2 



-2e« (p) . (7.2.52) 



This is the equation of motion of a particle whose position is the variable £ (p) moving under 
the force —2e^ p \ The conservation of energy for this auxiliary mechanical problem gives 

I ( % ) + 2e^ = -E, and the general solution is: 

= ^ . (7.2.53) 

2cosh 2 [ v /f (p-po)] 

By inserting this result in (7.2.51) and (7.2.49), and going back to the original radial variable, 
the values of h and b are straightforwardly obtained. With them, it is easy to integrate the 
equation for 0. Finally, the functions of the ansatz are (notice that E disappears from the 
expressions) : 



6(r) = 



2r 



e 2h = -rtanh(2r - 2r ) - 



cosh(2r — 2r ) 

r 2 1 



cosh 2 (2r - 2r ) 4 



e 24> = e 2to 2e fe cosh(2r ) 

cosh(2r-2r ) ' v • • ; 

For r close to zero and r = 0, e 2h behaves as e 2h « \ — 3r 2 . Moreover, e 2h becomes zero 
for some value of r = r max and, thus, one should restrict to the region r < r max if we want 
e 2h > 0. The b = case is recovered in the limit r — > oo. 

Once more, a bad singularity is reached at some maximum value of the radial variable. 
For all we have seen in this section, this seems to be a common property for solutions 
arising from branes wrapped in hyperbolic cycles. The singularity can be taken to infinity 
by choosing r = oo, what amounts to having an unrotated radial projection on the spinor. 
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7.3 Spin(7) holonomy metrics from gauged supergrav- 
ity 

In this section 7 , we are going to consider D6-branes wrapping an S* 4 in eight dimensional 
Salam-Sezgin supergravity. Upon uplifting to eleven dimensions, one gets a direct product 
of 1+2 Minkowski space and an eight-manifold with Spin{7) holonomy [116], see also [117]. 
In ten dimensions, it corresponds to D6-branes wrapping a coassociative four-cycle inside a 
seven dimensional manifold of G2 holonomy [34]. 

First, it will be shown how to obtain from gauged sugra ([116]) a complete, Spin{7) 
holonomy metric, first found by Bryant and Salamon in [49]. Then, in the spirit of chapters 
2 and 3, a new ansatz will be proposed, by allowing the gauge fields to depend on the radial 
coordinate and the radial projection of the spinor to be rotated. Unlike the previous cases, 
no new non-trivial metric can be found by this procedure, the only alternative to Bryant- 
Salamon metric being flat eight dimensional space. This is in agreement with the fact that 
the only consistent supersymmetric deformation of the Hopf fibration that gives S 7 is the 
squashed S 7 (with the S 7 , one can construct the metric of flat eight dimensional space and 
with the squashed S 7 , the large r limit of the Bryant-Salamon metric). 

Furthermore, it will be shown how the BPS equations can also be obtained by imposing a 
self-duality condition to the spin connection, the duality being performed with the octonionic 
structure constants [118, 57]. This directly proves that the holonomy group is contained in 
Spin (7). 

It would be interesting to clarify if other Spin(7) holonomy metrics [119] can be under- 
stood in the context of gauged supergravity. 

The Bryant-Salamon Spin(7) holonomy metric 

Following [116, 117], let us consider the following ansatz for the metric in 8d sugra: 

dsl = dx\ 2 + dr 2 + e 2h ds 2 4 , (7.3.1) 
where ds 2 is the de Sitter metric on the S* 4 with unit diameter that will be written as: 

ds 2 4 = T^iyr (V + j((^) 2 + (^ 2 ) 2 + (^ 3 ) 2 )) , (7-3.2) 

where £ ranges form to 00 and the w l are a set of SU (2) left invariant one-forms defined 
as in (1.4.25). We will not consider any coset scalars excited: L l a = S l a so that = and 
Qij = —€ijkA k . The gauge field needed for the twisting is that of the 577(2) instanton on S 4 : 

A 1 = -t-^w* , (i = 1,2,3) , (7.3.3) 

and its field strength (self-dual on the S* 4 ) reads: 

F i = 4 a(£) 6(0 d£ A w i - 2 a(£) 2 e ijk w j A w k , (7.3.4) 
7 I would specially like to thank R. Hernandez and K. Sfetsos for collaboration on these topics. 
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where the definitions: 

have been made. Then, by imposing the following set of projections on the Killing spinor: 



«(0 = ~TV~t2 > = T-r 2 , (7-3.5) 



r ?r e = r h e, T 12 e = -f 12 e, r 23 e = -f 23 e , (7.3.6) 

r r f 123 e = -e, (7.3.7) 

the vanishing of the fermion field variations yields the system of BPS equations: 

0' = -12e*- 2h + -e~* , 
8 

/i' = 8e^- 2h + -e-* . (7.3.8) 
8 

It is not hard to solve this system proceeding similarly to previous cases. Then, by using 
(1.4.22), the solution leads to the eleven dimensional metric: 



,2 ,2 dr 2 9r 2 / 2 ? , .. 2 \ 9 2 / Z 10 / 3 W _ f ^ 
ds?, = cfc 2 9 + 7 ttttvH * rfP + — (tu*) 2 H r 2 1 — w l 

11 1,2 (i-^tI) 5(i + e 2 ) V 4 / ioo V ^ 10/3 / V i + ^ 2 

(7.3.9) 

where r is a new radial variable dr = e^ 3 dr. One can read the Bryant-Salamon metric by 
discarding the three dimensional Minkowski space. Note that for / = (or large r), the 
fibration of S 3 on S 4 gives the metric of the squashed seven-sphere. 



Extending the ansatz 

Let us consider an extension of the ansatz where the gauge field can depend on r and one 
of the projections on the Killing spinor is rotated. We saw in chapters 2 and 3 how such 
a generalization leads to new metrics for the cases of D6 wrapping S* 2 or S* 3 . We therefore 
take, for the gauge field: 

A i = Aw i , (7.3.10) 
where A = A(r,£). The field strength is then: 

F* = d r A drAw l + d^A d£ A w i + -Fe ijk w j A w k , (7.3.11) 

with: 

F = A(1 + A). (7.3.12) 

As in previous chapters, we permit a rotation in the Killing spinor, leaving the projections 
(7.3.6) unchanged while rotating (7.3.7): 

r r fi 23 e = -(cosa + sinaTifi) e =>• e = e~^ riri e , (7.3.13) 
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with e satisfying (7.3.7). Now it is straightforward to compute the supersymmetry variation 
of the fermion fields (1.4.27) and to get the system of BPS equations. From the dilatino 
variations one obtains: 

d(/> 3 _ (h 3 dA ,_ 2h 3 F ,_ 2h 

Tr = r cosa - 

= -V^sina- V^sina , (7.3.14) 

or a 4 a 2 

where the definitions of a and b (7.3.5) have been used. From 5ipi = 5ip2 = ^3 = one 
arrives at: 

ae — = Asma + -sin a + — -— + -ae ^ + cosa e^cosa, 

dr 2 2b c/£ 8 2 a 

-—— = —A cos a cos a — ■ + -a e~^ +h sin a e^ h sma. 

2 dr 2 2 \1 + £ 2 ) 8 2 a 

(7.3.15) 

Finally, Sip^ = and 5ip r = yield: 

^da n h dh F , h 5 dA A h 1 ,, h 

d£ dr a b a£ 4 

a ^ = F^^ a+ S9A*_ h _ 1 e -^ sinQ; (?316) 

dr 2a 2 <9r 8 v ; 

Notice that by taking ct = and the gauge field of (7.3.3), the system of BPS equations 
(7.3.8) is recovered. Once the system (7.3.14)-(7.3.16) is solved, it is easy to get the uplifted 
eleven dimensional solution. It can be written: 

3 2 

ds 2 n = dxl 2 + dp 2 + 4:P 2 J2(w i + Aw i ) +Q 2 ds 2 A , (7.3.17) 

i=i 

where the redefinition in terms of the eight dimensional variables reads: 

dp = e-^ 3 dr, P = e 2 ^ 3 , Q = e^ 3+h . (7.3.18) 
The Killing spinor equations become, for the new set of functions: 

dP P 2 dA\ FP 2 1 . 

-dp = -^Vb + ^ cosa+ r os ^ (7 - 3 - 19) 

IdAP F P . 1 . ,„ o «^ 

— = — -— -rsmct — — sma , (7.3.20 
adpQ a 2 Q 2 4P v ; 

1 / 1 £ 2 \ F P 

P-— = —A cos a cos a - 2—— since, (7.3.21) 

dp 2 2\1 + ^J aQ V ; 

dQ A . 1 . PldA FP ,„„ nn s 

a—— = Asma-\ — sina+--- 2— — cosa, (7.3.22) 

dp 2 Q b d£ a Q 

da dQ PdAl . 

da SPdA ,„ nn ^ 
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Solving the BPS system 

Despite the terrifying appearance of (7.3.19)-(7.3.24), we will show that there only exist two 
inequivalent solutions, one leading to (7.3.9) and the other to flat space. First of all, notice 
that an algebraic constraint can be deduced from (7.3.20) and (7.3.21): 

\ ( \ £ 2 \ F P Qa, 

A cos a H — cos a + - — H — sin a — sin a = . (7.3.25) 

2 2 \ 1 ~\~ c J Qj (cJ 4-£ 

By performing the radial derivative of this expression and using (7.3.19), (7.3.20), (7.3.22) 
and (7.3.24), one gets a new, simpler, algebraic constraint: 



There are three possibilities to fulfil this constraint. Clearly, sin a = leads to the system 

dA 

9? 



(7.3.8) and therefore to the metric (7.3.9). On the other hand, |4 = is inconsistent with 



the set of equations (7.3.19)-(7.3.24). Finally, + j = yields two equivalent solutions 
(one corresponding to the instanton and the other one to the antiinstanton on S A ). One of 
them is: 

r 1 
P = -, Q = r, A = 



4' ^ ' 1 + ^' 

cosa = — — —— — -, smo = — — — — — -, (7.3.27 

^ 4 + 2£ 2 + 1 ^ 4 + 2£ 2 + 1 v ; 

so the metric obtained by inserting this in (7.3.17) is: 

1 3 / 1 \2 

ds\ = dr 2 + r 2 ds\ + - r 2 ^ \wi - w t J . (7.3.28) 

This is just a flat space metric, as can be checked by direct calculation of the Riemann tensor 
(in fact, the angular part of this metric is just the sphere S 7 written as a Hopf fibration). 
The holonomy group of flat space is trivial, so it is contained in Spin(7) as it should. This 
has been quite a long way to obtain just the Minkowski metric, but it is a nice result in the 
sense that we obtain the sphere S 7 and its only supersymmetric deformation, the squashed 
S 7 from the same system in gauged supergravity. 



Octonions and BPS equations from the spin connection theorem 

The so-called spin connection theorem asserts that if an eight dimensional manifold satisfies 
the condition: 

u^ = U> a(3l& ^ 5 , (7.3.29) 

then its holonomy group is contained in Spin{7) [57, 118]. uj aP is the spin connection defined 
in some frame, and is an antisymmetric four-form constructed from the octonionic 

structure constants (its precise definition will be given below), and is invariant under the 
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action of the Spin{7) subgroup of S0(8). Then, the system (7.3.19)-(7.3.24), should be 
obtainable by this method by directly imposing this condition on the metric (7.3.17). We 
will see that the key point is a rotation of the frame, which is related to the rotation (7.3.13) 
on the Killing spinor. As pointed out in section 3.3.1, an analogous procedure can be 
followed in order to obtain the G2 holonomy metrics studied in chapter 3. Let us start with 
the constants that define the octonion algebra: 

i> 7i j = Sij , fajk = -ipfjk = e *jk , (7.3.30) 
Using the definition ip abcd = (l/6)e abcde f g ijj e fg , one finds that: 

^7ijk = ^lYjk = ^ijk j Ipijrhh = ^im^jn ^in^jm ■ (7.3.31) 

By splitting the eight dimensional index a as a = (a, 8), so that a = 1,2, ... ,7 runs over 
the seven imaginary octonions, we can define the totally antisymmetric 4-index tensor that 
is invariant under Spin(7): 

^abc8 = ^abc , ^ abed = ^abed • (7.3.32) 

Then, the self-duality condition (7.3.29), explicitly written in components, amounts to: 

i i 8 ^ — c , , i 7i 

u f = . (7.3.33) 

The subindex means that the spin connection is referred to some vielbein frame e^. Now, 
consider a new frame e a related to the former as: 

a -i a /cos a — sincA /~ nnA \ 

e = A e , A = . , 7.3.34 

V sin a cos a J 

where A is a rotation matrix acting in the (1 — 1) plane. Then, the relation of the spin 
connections is, as usual: 

to = A' 1 cu A + A^dA , (7.3.35) 
so the self-duality equations (7.3.33) in this frame read: 

oo 8% = ^ cos a t ijk (u jic - u jk ) - sin a e ijk u jk + u 7 ' 1 , 

to 8 " 1 = - sin a e ijk (u jk - u jk ) + cos a e ijk u jk - up 1 , 
2 

u 87 = -u^ + da . (7.3.36) 

Notice that, although the rotation has been performed in the (1 — 1) plane, it would be 
exactly the same if it had been done in (2 — 2) or (3 — 3). This is due to the invariance of 
the 4-form \1> under cyclic permutations of (1,2,3). 
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In order to impose this condition on a metric of the form (7.3.17), let us define the 
following eight dimensional vielbein: 

e^QaWi, e l = 2P(wi + Awi) , e 7 = dp , e 8 = Qbd£ , (7.3.37) 

where P{p), Q(p), A(p,£), a(£), &(£). We need the spin connection, which can be obtained 
from the structure equations de a + w a b A e b = 0. This computation yields: 

,.87_ dpQ.8 ( ,18_ P ^A 

Qafe Q 2 ab ' O, Q a 

i7 <9 p P ^ P0„A • / 1 fc PF A 

w " = W e " ^ J ' " = ^ W e + (o^ e + "Q^ e J - (7 - 3 - 38) 

Now, one can substitute the value of the spin connection in (7.3.36) and check that the 
system (7.3.19)-(7.3.24) is recovered. 

Finally, let us see how the projection on the spinor can be described in terms of \P(4). 
The conditions for a Spin(7) invariant spinor read (T a /3 + ^afi-yS^-yS^o = 0, which are just 
(7.3.6), (7.3.7). In order to include the rotation of the Killing spinor, one can make a rotation 
on \& (this is what was done in section 3.2.2 for the G 2 case): 

/ ( a ) i ( a ) i (<*) i ( a ) 

tyifk = -^fffk = cos a e ^ ' = -r 7i f k = ' sm a e ijk , 

ih[ a l „ — ih-- - - —8 8- -8 8- 

Tijrhh Yijmn u im u jn u m u jm 5 

tfcj = = 8i i ' = ~^pk = cos a e ^ k ' = ~^fk = - sin « e Hk ■ (7.3.39) 

Then, the Killing spinor satisfies the condition: 

(r^ + ^g 75 r 75 )e = 0, (7.3.40) 
which is just (7.3.6), together with (7.3.13). 



7.4 50(4) twistings in D=7 gauged supergravity 

The gauge group of the maximal supergravity in seven dimensions is 5*0(5) (see section 
1.4.6). This gauge group comes from the symmetries of the 5 4 sphere, where the reduction 
from D — 11 to D — 7 was performed. However, by taking an appropriate scaling limit 
for the fields and the gauge coupling constant, one can make a consistent truncation of the 
gauge group to 5*0(4). This process was described in detail in ref. [31]. It is equivalent to 
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first reducing D = 11 sugra to D — 10 IIA theory and then compactifying it in 5 3 , so the 
SO (4) is the isometry group of the 5 3 sphere. 

In the following, the 3-form C of section 1.4.6 will not be considered. Looking at the 
lagrangian (1.4.36), one concludes that this is consistent as long as [F, F] = 0, what indeed 
happens in the cases addressed below. Then, the variation of the fermionic fields is [30, 87] 
(the notation used in this section is mainly borrowed from [87]): 



16 [ V 



S 1 )F ^ 



(no sum in i), 



v, - - A i»i v (y- l )[d v v} + ^f;w 



(7.4.1) 



where now i, j, I, J range from 1 to 4. These transformations can be read from (1.4.41), 
taking into account that the shifted gravitino ip has been defined as a combination of the 
original gravitino and the spin-| fermions: ^ M = ip^ — Yh=i r*Aj. 

Following [87], we write 5*0(4) = SU(2) + x SU(2)~ and express the two sets of indepen- 
dent SU{2) generators in 5*0(4) notation: 
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0/ 



These matrices satisfy the commutation algebra: 



^abcVc 



[Va,Vb 







(7.4.2) 
(7.4.3) 



It is also convenient to write the Dirac matrices on the 50(4) in an SU (2) + x SU (2) form. 
Define: 



+ 



I/ r2 4 

9.i V 



±r 



31 



at 



-I(r 



11 



2i v ' 1 z 2i 

These matrices satisfy the following relations: 



±r 



23 



_^(r 12 ±r 34 ) (7A4) 



(7.4.5) 



but they are not really Pauli matrices as they do not square to unity. 

In the following, we will see a few different possibilities for the 50(4) gauge field in 
this general framework, i.e. different twistings of the normal bundle, leading to different 
supergravity setups and therefore to different dual gauge theories. Concretely, we will only 
consider branes wrapping two-spheres, so the ansatz for the seven dimensional metric is: 



,2/ 



dxl 3 



dp 2 ) + e 29 ld9' 2 T sin 2 dip' 



(7.4.6) 



where f = f(p), g = g(p). First, we will see how to recover the supergravity dual of Af = 1 
SYM in this setup. Then, a singular sugra solution dual to Af = 2 SYM is described. To 
finish the chapter, it will be proved that this solution cannot be desingularized along the 
lines followed to resolve the singularity in the Af = 1 case. 
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The Maldacena-Nunez model 

It was shown in section 5.1.1 that the Chamseddine-Volkov background used in the Maldacena- 
Nunez model can be obtained in SU (2) gauged supergravity. Certainly, it is possible to get 
it in this formalism by just switching on the gauge field S77(2) + C SO (A) [87]: 

r cos8dLpi]^ + a(p)d9r]2 + a(p) sin9 dip r]^ . (7.4.7) 

There is only one scalar: V} = diag(e~ A , e~ A , e~ A , e~ A ). Then, after an appropriate identifi- 
cation of the functions in the ansatz, one obtains the differential equations of sec. 5.1. The 
projections needed in this formalism are (5.1.4) and (5.1.8). Furthermore, one has to impose 
a~e = (notice that if one the o~ annihilates the spinor, all of them do because of (7.4.5)). 
Basically, this projection (which halves the number of supercharges) kills the SU{2)~ so it 
leads from 5*0(4) sugra to the Townsend-van Nieuwenhuizen SU{2) gauged sugra. 



The Af = 2 singular solution 

This supergravity dual of M = 2 Yang-Mills was first considered in [120], see also [121]. The 
idea is similar to that of the Maldacena-Nunez model: the low energy description of a D5- 
brane wrapping a two-cycle will be Yang-Mills in 3+1 dimensions. The difference is the way 
in which the twisting is performed. From a geometrical perspective, we now want to have 
the brane wrapping a two-cycle inside a Calabi-Yau two-fold (instead of being embedded 
in a Calabi-Yau three-fold). Then, it can be seen that the total number of supercharges is 
eight. To achieve this, we take the gauge field to live in U(l) + x U(l)~ C 5*0(4): 

A = - cos d<p (rji + rjT) . (7.4.8) 

This breaks the symmetry group as 50(1,3) x 50(2) x 50(4) -> 50(1,3) x 50(2) x 
S0(2) 1 x 50(2) 2 , where SO(2) 1 rotates the {1,2} directions (where the gauge field lives) 
inside 50(4) and 50(2) 2 rotates the {3,4} ones. The spin connection of 5 2 is identified with 
50(2)x. Geometrically, the normal bundle is split into 50(2) i describing normal directions 
to the brane within the Calabi-Yau manifold and 50(2) 2 describing the rest of the normal 
directions. To preserve these symmetries, we take the matrix of scalars 8 : 

VI = diag(e- Al ,e~ Al , e - A2 ,e~ A2 ) . (7.4.9) 

Now, by plugging the ansatz (7.4.6), (7.4.8), (7.4.9) in (7.4.1), a system of BPS equations is 
found. As expected, only two projections on the Killing spinor are needed: 

Ye = e , 7% = T 12 e = i(a+ + a^)e . (7.4.10) 

Let us make the following definitions: 

p = \ 1 + \ 2) y = Xl -X 2 , h = g-f. (7.4.11) 

8 Actually, one must keep the symmetry of the S0(2)\ (V~i — V^ 2 ), but it is not necessary in the untwisted 
plane, so the matrix of scalars V} — diag (e~ Al , e~ Al , e~ x ' 2 , e~ Aa ) is possible. This was considered in [121]. 
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Then, it is immediate to check that 5ip x = implies / = — Ai — A 2 . From 5ipg = 5ip v = 0, 
one finds: 

d p h = - \e- 2h ~ y , (7.4.12) 
and by combining the spin-| fermion variations one arrives at: 



l coshy -To e 



2 sinh y — - e 

y 2 



2h-y 
2h-y 



(7.4.13) 



Finally, from 5^ p = 0, one gets d p e = (d p f/2)e and, therefore e = e^r], where 77 is a constant 
spinor that satisfies the same projections as e. 

This system was found in [120] by applying the superpotential method in seven dimen- 
sions. Then, the supersymmetry of the corresponding ten dimensional solution was studied 
and it turns out that a rather non-obvious frame is needed (unlike what happens in S 3 up- 
liftings coming from SU (2) gaugings). The ten dimensional gravity solution is dual to Af = 2 
S YM in four dimensions. It is singular in the IR. In the string frame, it reads [120] : 



ds 2 w 



with the definitions: 



-2x 



dxi 3 + z (de 2 + sin 2 e 2 d<p 2 ) + e 2x dz 2 + de 2 + 
1 ~ ~ 1 

+ tt e ~ X cos2 °^ 1 + cos0d< P) 2 + Q eX sin 2 ^#2 » 



1 + k e- 2z 
2z 



tt = e x cos 2 9 + e~ x sin 2 6 , 



where A; is a constant. The dilaton and NS 3- form are: 

' 1 ■ k, 2 



e -2<P = e -2^ e 2z 1 



sin 2 9- 



(7.4.14) 



(7.4.15) 



2z 



(3) 



2 sin # cos # / . n n dx , ,A .,, ~ ~. 

— I sm 9 cos v-j-dz — d9 I A + cos 9d(f>) A d(f) 2 + 

e~ x sin 2 9 . ~ ~ ~ 
H — sm 9d9 A d(p A d0 2 • 



(7.4.16) 



Trying (unsuccessfully) to desingularize the M = 2 solution 

In the A/" = 1 case, we saw how generalizing the U(l) gauge field to SU(2) (in a 't Hooft- 
Polyakov way), the gravity solution gets desingularized. It is natural to try here to look for 
an SU(2) x SU(2) gauge field that generalizes the U(l) x U(l) showed above. This was 
proposed in [122]. By studying the relevant system of first order equations for this ansatz, 
it will be proved below that the only possible solution is the one already described. 
So, let us consider the gauge field: 



cos 9 dip (rji +rj 1 ) + a(p)d9 + %) + a(p) sin 9d(p (77^ + rj 3 ) 



(7.4.17) 
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(a 2 - 1) sin 9 d9 A dip (77+ + rj7) + d p a dp A dQ (rj£ + 77") + 



whose gauge field strength reads: 

F = i 
2 

+ d p a sin 9 dp A dip (rj^ + % ) 
The ansatz for the scalar fields is: 

V? = diag(e' Al ,e~ Al ,e~ A2 ,e^ A3 ) . 
It is useful to use the same definition of h as in (7.4.11) and also to take: 



x = Ai + 



A2 + A3 



y = Ai - 



A2 + A3 



A2 - A3 



z = 



(7.4.18) 
(7.4.19) 

(7.4.20) 



2 7 " ± 2 2 

Following the reasoning used in previous cases, we maintain the angular projection: 

7 <V e = r 12 e = ,(4 + ^)6, (7.4.21) 

which is necessary for the twisting but do not make any a priori choice for the radial pro- 
jection, that, in principle, may be rotated. As usual, we must now put the ansatz (7.4.17)- 
(7.4.21), (7.4.6) into the supersymmetry variation of the fermions. 5ip x = gives / = — x 
and the equations 5ipe = <5Vv — yield: 



e h (d p h) + a cosh(y + z) 7 ^r 24 + \e z (d p a) 7 e r 24 - \e~ h - y (a 2 - 1) 7" 

— — 



whereas 5ip p = leads to: 



'd p + d -f + \{d p a) e-^/r 24 )e = 0. 



e = , (7.4.22) 



(7.4.23) 



Finally, by appropriately combining the equations 5\i = 0, one finds: 

(-d p z Y + e~ y sinh 2z + e~ h a sinh(y + z) 7 9 r 24 + ^(d p a)e- h+z Y e T 24 ^j e = , (7.4.24) 
(-d p xY + ^(e y + e- y cosh 2,2) + -^ e - 2h - y (a 2 - 1) - ^(d p a)e- h+z Y e T 24 ^j e = 0, (7.4.25) 
(^-dpvY + (e y - e - " cosh 2*) + \r 2h ~ y {a 2 - 1) + 2a e' h sinh(y + z)-f d T 24 ^ e = . (7.4.26) 



Comparing with previous cases, it seems clear that, in order to solve this system, one should 
consider a Killing spinor of the form: 



e = e 2 7 e , 



(7.4.27) 



where e satisfies the unrotated radial projection (7.4.10). Then, e would satisfy the rotated 
projection: 7'e = e a{p) ~ <9v2 \. However, by adding (7.4.24)+|(7.4.25)-| (7.4.26), one gets: 



d p (z + b -x- l -y) Ye = e- y+2z e , 



(7.4.28) 



172 CHAPTER 7. OTHER SOLUTIONS FROM SUPERSYMMETRY 

and, as the right hand side cannot vanish, for consistency, the radial projection must be 
unrotated 7 p e = e. Thus, we have a(p) = 0. Then, by looking at the matrix structure of eq. 
(7.4.23), it is immediate to conclude d p a = 0, and hence, a = because of (7.4.22). This 
takes us back to the U(l) x U(l) singular solution studied above. 

The presence of IR singularities is common to all Af = 2 supergravity duals. The reso- 
lution of these singularities is believed to be the enhangon mechanism. The enhangon is a 
locus where symmetry gets enhanced and extra string states become important. Therefore, 
one cannot trust the supergravity approach beyond it, and, hence, one never sees the IR 
singularity in the dual gauge theory. For a review on this topic and further references, see 
[77]. 
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